EQUIDISTRIBUTION AND COUNTING FOR ORBITS OF 
GEOMETRICALLY FINITE HYPERBOLIC GROUPS 
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Abstract. Let Q be a quadratic form of signature (n, 1), F a non- 
elementary discrete subgroup of G = SOq(R) and wo G R"+^ a non- 
^ zero vector with the orbit woF discrete. We introduce the notion of 

^ the F-skinning size skr(wo) of wo, and we compute an asymptotic for- 

mula (as T — >■ oo) for the number of points in woF of norm at most 
T, provided both the Bowen-Margulis-Sulhvan measure m^^^ and the 
F-skinning size skr(wo) are finite. For F geometrically finite, it is known 
that |m™^| < oo by Sullivan and we give a criterion on the finiteness 
I— I of skr(w^o): skr(™o) < cjo if and only if either 5r > 1 or wq is not exter- 

nally F-parabolic. We also prove new weighted equidistribution theorem 
for normal geodesic evolution of codimension one totally geodesic im- 
. mersions. However the applicability of the basic result is not limited to 

geometrically finite groups 

We use these results to count circles in the circle packing V of an 
ideal triangle of the hyperbolic plane made by repeatedly inscribing 
I " I the largest circles into the triangular interstices. We obtain that the 

number of circles in V of hyperbolic curvature at most T is asymptotic 
to c • T^-30568(s) ^YiQj.^ g ^ g^jja-) > is an absolute constant. 

> 

o\ 
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1. Introduction 

1.1. Let Q{xi, ■ ■ ■ ,Xn+i) be a real quadratic form of signature (n, 1) for 
n > 2. For m € M, consider the level set V: 

V ■.= {X £ M"+i : Q{X) = m}. 

The authors are partially supported by NSF grants 0629322 and 1001654 respectively. 
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The variety V is a cone (m = 0) a one-sheeted hyperboloid (m > 0) or a 
two sheeted hyperboloid (m < 0) depending on the signature of m. Denote 
by G the identity component of the special orthogonal group 

SOq(M) = {ge SL„+i(M) : Q{g{X)) = Q{X)}. 

A discrete subgroup of a locally compact group with finite co-volume is 
called a lattice. For v £ M"+^ and a subgroup H of G, we denote by Hy the 
stabilizer oi v m H. 

Theorem 1.1 (Duke-Rudnick-Sarnak [9j). Let T be a lattice in G and wq E 
M""''^ a non-zero vector such that wqT is discrete. Suppose that T^j^ is a 
lattice in G^o- Then for any norm \\ ■ \\ on W^~^^ , 

#{ujewoT:\\w\\<T}^^^^^^^^^vol{BT) as T ^ oc 

where Bt ■= {w G wqG : < T} and the volumes on G^q, G and wqG ~ 
Gwo\G are computed with respect to invariant measures chosen compatibly. 

Eskin and McMullen [11] gave a simpler proof of [9J , based on the mixing 
property of the geodesic flow of a hyperbolic manifold with finite volume. 
This approach for counting via mixing was first used by Margulis's 1970 
thesis [21J. 



The main goal of this paper lies in extending Theorem 1.1 to discrete 
subgroups r of infinite covolume in G. Let F < G be a torsion-free discrete 
subgroup which is non-elementary, that is, F has no abelian subgroup of 
finite index. As G is isomorphic to the group of orientation preserving 
isometries of the hyperbolic space H", F acts on properly discontinuously. 
We denote by < Jr < n — 1 the critical exponent of F and by {i^x ■ x E H"} 
a F-invariant conformal density of dimension 5r on the geometric boundary 
d{M^), which exists by the work of Patterson and Sullivan (|31]. |41j). We 
denote by mp^^ the Bowen-Margulis-Sullivan measure on the unit tangent 



bundle T1(F\1I'^) associated to {i^^} (see Def. @. 

We set V := wqG and identify and d{W^) with a connected compo- 
nent of {Q{v) = —1} and the set of lines Voo ■= {[v] = : Q{v) = 0} 
respectively. For u G T"^(EI"), we denote by G Voo the forward end- 
point of the geodesic determined by u and by it{u) G H"' the basepoint of 
u. For xi,X2 G H" and ^ G Voo, let /3^(xi, X2) denote the value of the Buse- 
mann function, i.e., the signed distance between horospheres based at ^ and 
passing through xi and X2. 

We denote by Q{-,-) the bilinear- form associated to Q, and by p the 
canonical projection map T^(M") T^{T\W). 

Definition 1.2. Define E^^, C T^(]H") as follows: 

(1) For Q{wq) > 0, let E^g be the set of all unit normal vectors of the 
codimension one hyperbolic subspace {w G H"' : Q{wo,w) = 0}. 

(2) For Q{wq) = 0, let E^^ be the set of all unit normal vectors of the 
horosphere {w G H" : Q{wq,w) = —1} based at [voq] G Voo- 
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(3) For Q{wq) < 0, let E^^ be the set of all unit vectors based at 

Define the following Borel measure on E^q- 

where o £ H". This definition is independent of the choice of o G and by 
the F-invariance property of {z^^;}, it induces a measure on E^^ = p^Ew^), 
which we denote by A*^^^ • 

Definition 1.3 (The F-skinning size of wq). We define < skr(wo) ^ oo 
as follows: 

skr(u^o) = ImI^,J- 

Note that as F is non-elementary, 5r > and > 0. 

Theorem 1.4. Let T < G be a discrete subgroup with |mp^^| < oo. Let 
Wq G M"+^ be a non-zero vector such that woT is discrete and skr(wo) < co- 
Let o E 7r(£'^(,) and Go denote its stabilizer in G. Let \\ • || be a Go-invariant 
norm on ]R"+-'^ . Then 

(1.1) #{w £ WoT : \\w\\ < T} ^ , bmsi h - h^p ' 

where wq £ {Q = 0} is such that M-span{o, t&o} 9 wq and wq is the Q- 
orthogonal projection of wq on Mwo. Moreover, skriwo) > when woT is 
infinite. 

The description of the constant term changes if we do not put any restric- 



tion on the norm ||-|| (see Theorem 6.7). Stronger versions of Theorem 1.4 



on the asymptotic number of points in wqT within a given sector (or cone) 
in V are obtained in Theorems 16.61 and 16. 141 

Sullivan |41| showed that ImP'^^l < oo when F is geometrically finite, 
i.e., when the unit neighborhood of its convex cor^has finite volume. For 
instance, any discrete group admitting a finite sided polyhedron as a funda- 
mental domain in H" is geometrically finite. 

We give a criterion on the finiteness of skr(wo) for F geometrically finite. 
When Q{wo) > 0, Gwq is isomorphic to SO (n — 1,1) and is the isometry 
group of the codimension one totally geodesic subspace Swq = {w G H" : 
Q{wo,w) = 0} of M". For ^ G d{W), we denote by Fg the stabilizer of ^ 
in F and call ^ a parabolic fixed point of F if F^ is a parabolic subgroup (cf. 
Def. [3l| ). 

Definition 1.5. We say that wq G M"+^ with Q{wo) > is externally F- 
parabolic if there exists a parabolic fixed point of F in the boundary of Suig 
which is not fixed by any non-trivial element of T^q . 



^The convex core Cr of F is defined to be the minimal convex set in r\EI" which 
contains aU geodesies connecting any two points in A(r). 
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Figure 1. An externally F-parabolic vector 



For n = 2, the externally F-parabolicity condition is equivalent to the 
geometric condition that at least one end of the geodesic Swq goes into a 
cusp of a fundamental domain of F in (see Fig. [l]). 

Theorem 1.6 (Criterion on the finiteness of skr(wo))' -^et F be geometri- 
cally finite and wqT be discrete. 

(1) If 5r > 1, then skr(tt;o) < oo. 

(2) If 6r < 1, then skr(wo) = oo if and only if wq is externally F- 
parabolic. 

Corollary 1.7. Let F be geometrically finite and wqT discrete. If either 



6r > I or wq is not externally T-parabolic, then (1.1) holds. 



Remark 1.8. (1) For geometrically finite F, if the Lebesgue volume of E., 



wo 



is finite then skr(wo) is finite (Corollary 1.13). 

(2) If ^ 1 and Wq is externally F-parabolic, our preliminary study 
indicates that the asymptotic count should be of the order T log T if = 1 



and of the order T if 6r < 1, instead of T^^ . 



(3) Theorem 1.4 is not limited to geometrically finite groups as Peigne 
constructed a large class of geometrically infinite groups admitting a finite 
Bowen-Margulis-Sullivan measure. Note that skr(ti'o) is finite whenever E^j^ 
is compact. 

(4) When V is a two sheeted hyperboloid (i.e., Q{wo) < 0), the orbital 
counting with respect to the hyperbolic metric balls was obtained by Lax 
and Phillips ^23j for F geometrically finite with 6r > {n — l)/2, by Lalley 
|21j for convex cocompact subgroups and by Roblin [36] for all groups with 
finite Bowen-Margulis-Sullivan measure. 

(5) When y is a light cone (i.e., Qiwo) = 0) and F is geometrically finite 



with 5r > (n — l)/2, a version of Theorem 1.4 was obtained in [19 



1.2. Weighted Equidistribution of expanding subman ifol ds. We ex- 



plain the main ergodic ingredients of a proof of Theorem 1.4 Let E C 
T^(H") be one of the following: 

(1) an unstable horosphere 

(2) the unit normal bundle of a codimension one totally geodesic sub- 
space of H" 
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(3) the set of all outward normal vectors to a fixed hyperbolic sphere in 

Let r be a non-elementary discrete subgroup of the group G = Isom'''(]H") 
of orientation preserving isometries and E := p{E) the image of E under 
the projection p : T^(]HI") — )• T^(r\]HI"). Choose a G-invariant conformal 
density {rux ■ x S H"} on d{W^) of dimension (n — 1). 



We consider the following measures on E (cf. Def. 3.5): 
where o G H". Let denote the Burger- Roblin measure ([B], on 



T^(r\]H"') associated to {vx} and {rux} (see Def. 3.3), and {17*} denote the 
geodesic flow on T^(EI"). 

Theorem 1.9. Suppose that \m^^^\ < 00. Let Eq C E be a Borel subset 
with fi^^iEo) < 00 and fil^{d{Eo)) = 0. For -0 G Cc{T^ {T\ir)) , 



(1.2) e("-i-^^)*./ H9Hv))d^.Tiv)r./^d^ Bn^^^ ast 
Jeo Or • 



00. 



In particular, when |/U^^| < 00, the result holds for Eq = E. 



When is a horosphere and Eq is bounded, Theorem 1.9 was obtained 
earlier by Roblin |;36t P.52]. We were motivated to formulate and prove the 
result from an independent view point; our attention is especially on the 
case of 7r{E) being totally geodesic immersion. This case involves many new 
features, observations, and applications. Note that when Eq is unbounded, 
even when ^^^{Eq) < 00, one may still have ^^^{Eq) = 00, and hence the 
proof involves greater care. The main key to our proof is the the transver- 



sality theorem 3.9, which was influenced by the work of Schapira [30]. The 
transversality theorem provides a precise relation between the transversal 
intersections of geodesic evolution of Eq with a given piece of a weak stable 
leaf and the conditional of the m^^^ measure on that weak unstable piece. 

In the case when both r\]H"' and E are of finite Riemannian volume, the 
measures m^^^ and are the projections of G- invariant measures to 

T^(r\]HI") and the measure is the projection of G^-invariant measure 
of E. In this case, Theorem |l.9| is due to Sarnak [39] for horocycles in 
and Duke-Rudnick-Sarnak f9] and Eskin-McMullen |llj in general (see also 
the appendix of [17J). 



In deducing Theorem |1.4| from Theorem 1.9, the standard techniques of 
orbital counting via equidistribution results require significant modifications 
due to the fact is not G- invariant; and this is achieved in section rol 



1.3. On closedness of iiJ and finiteness of /i^^. For a geometrically finite 
r, we have that rrip^^ is finite. Next important condition for the application 
of Theorem 1.8 is to determine when is finite. We denote by G^ and 
the set- wise stabilizers of £' in G and in F, respectively. 
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Theorem 1.10. Suppose thatT is geometrically finite and that E is a closed 
subset ofT^iTXW). 

(1) // T^iE) is horospherical or a hyperbolic sphere, then supp(;U^^) is 
compact, and hence \fJ^^\ < oo. 

(2) If tt[E) is totally geodesic and 5r > 1 then \iJ^\ < oo. 

(3) If ■n{E) is totally geodesic and (5r < 1, then for any parabolic fixed 
point ^ G A(r) n d{'K{E)), is virtually cyclic, and it is either 
virtually contained inV^ or virtually disjoint from T^. If the former 
case occurs for every such S,, then supp(^^^) is compact and |^^^| < 
oo, and if the latter case occurs for one such ^, then \ fJ^\ = oo. 



The Theorem 1.6 is indeed deduced from its above geometric formulation. 
The proof of Theorem |1. 10 provides the following new result. 

Theorem 1.11. Let T be geometrically finite and S C H" be a complete 
totally geodesic subspace. IfTS is closed in H", then Tg is a geometrically 
finite subgroup oflsom{S), where = {7 G T : jS = S}. 

As a byproduct of our study of transversal measures, we obtain the fol- 
lowing interesting application: 

Theorem 1.12. Let T be a Zariski dense discrete subgroup of G. Assume 
that the Patterson-Sullivan density {vx} is atom-free. If IfJ'^^l < 00 or 
l/i^^l < 00, then E is a closed subset o/T^(r\]HI"). 

We remark that if |mp^^| < 00, then the Patterson-Sullivan density is 
atom-free 



Another consequence of Theorems 1.10 and 1.12 is the following: 

Corollary 1.13. IfT is geometrically finite and \lJ^^^\ < 00, then < 
00. 

1.4. The integrability of (j)o and a characterization of a lattice. De- 
fine (po £ C(r\H") by 

0o(x) := for X G r\]H'^. 

The function <j)Q is an eigenfunction of the hyperbolic Laplace operator with 
eigenvalue —6r{n — 1 — 6r) [41j. Sullivan [l2] showed that if 5r > {n — l)/2, 
then (j)Q G L^(r\]HI") if and only if Im.p'^^l < 00. The following theorem, 
which is a new application of Ratner's theorem |35j . relates the integrability 
of (po with the finiteness of Vol(r\IH"): 

Theorem 1.14. Let T be a non- elementary discrete subgroup of G. The 
following statements are equivalent: 

(1) (/.oGLi(r\]H"); 

(2) r is a lattice in G; 

(3) \mf^\ < 00. 

We remark that T being a lattice implies that 6r = n — 1 and hence (po is 
a constant function by the uniqueness of the harmonic function 
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Figure 2. A hyperbolic Apollonian circle packing, repro- 
duced from [11]. 



1.5. Application to integral Apollonian circle packings. We discuss 
an application of Theorem |1.4| to a circle packing problem. Given a set of 
four mutually tangent circles in the plane, we continue to repeatedly fill the 
interstices between mutually tangent circles with further tangent circles and 
obtain an infinite circle packing, called an Apollonian circle packing, say, V 

(cf. m, m, m, m)- 

A natural question is to compute the asymptotic number of circles in V 
of radius at least 1/T, as T — )• oo. There are three different notions of 
the radius for a given circle in the plane, in three different geometries: the 
Euclidean, the hyperbolic, and the spherical geometry. We find it more 
convenient to label the circles using the corresponding curvatures, rather 
than the radii. 

By labeling each circle C in "P by its Euclidean curvature Curv£;(C), 
that is, the reciprocal of its Euclidean radius, it is shown in [19] that for V 
bounded, 

(1.3) #{C eV -.CurvEiC) <T} ^ c-T" 

where a is the residual dimension of V, that is, the Hausdorff dimension 
of the closure of V, viewed as a union of countably many circles. The 
number a is independent of a packing V and is approximately 1.30568(8) 



according to McMullen [26]. The same type of asymptotic as (1.3) holds for 
any V with a bounded (Euclidean) period if we count circles only in a fixed 
bounded period of V. In particular, any integral Apollonian packing, i.e., 
all curvatures being integral, has a bounded period. 

We extend this result to spherical and hyperbolic Apollonian packings 
studied in |2^ and [10]. Our approach in this paper also presents an alter- 



native proof of (1.3). 
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Figure 3. A hyperbolic Apollonian packing, reproduced 
from [11]. 

A hyperbolic Apollonian packing is an Apollonian circle packing V con- 
sisting of hyperbolic circles, that is, the image of hyperbolic circles of the 
two sheeted hyperboloids = {xf + x^ — x^^ = —1} via the stereographic 
projections from the both poles (0, 0, ±1). We include degenerate hyperbolic 
circles, consisting of horocycles, the ideal boundary as well as the hyperbolic 
geodesies which intersect the ideal boundary at right angles. 

The hyperbolic curvature of C of 7^ is given by 

CmwH{C) = ±cothr(C) 

where r(C) is the hyperbolic radius of C and the signature of the curvature 
is given positive if C is the projection of the upper sheet and negative oth- 
erwise. The hyperbolic Soddy-Gosset theorem (see [201 Thm. 6.1]) provides 
infinitely many integral hyperbolic circle packings. Denote by Co the ideal 
boundary and H the subgroup of Mobius transformations which preserve 
Cq. Denote by V-p the subgroup of Mobius transformations which preserve 
V. T-p is known as the Apollonian group associated to V. The works of 
|20j and [10] imply that for V integral, a hyperbolic period Vq exists, i.e., 
V = U^gr-pn//7('Po), (Fp — i/)'PonPo is a union of finitely many circles and 
#{C G Vq : \Cuivh{C)\ < T} < oo for any T > 1. Since the absolute value 
of the curvature of a circle in V is preserved by the action of Tp n H, we 
only count the circles in Vq- 

In Fig. [2| the circles inside the triangle formed by the circles of hyperbolic 
curvatures 2, 0, and form a period Vq of V, where F-p (1 H is generated by 
the inversion about the ideal circle Co (=the dotted circle) and a rotation 
of order 3 about the center of Co. In Fig. [3j the circles inside a triangle 
formed by the circles of hyperbolic curvatures 3, 0, and 0, form a period of 
V, where F-p D H is generated by the inversion in Cq and a cyclic parabolic 
group fixing a point on Cq. 
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Theorem 1.15. For any integral hyperbolic Apollonian packing V with a 
period Vq as above, 

#{C G Vo : |Curv//(C)| < T} ~ ci • for some a > 0. 

This theorem in particular apphes to the circle packing of the ideal triangle 
of the Poincare disc, as illustrated by Fig. [2} 

Theorem 1.16. Let V be the circle packing of any ideal triangle of the 
hyperbolic plane made by repeatedly inscribing the largest circles into the 
triangular interstices. 

Then the number of circles in V of (hyperbolic) curvature at most T is 
asymptotic to c ■ where < c < oo is an absolute constant independent 
of T and a = 1.30568(8) is the residual dimension ofV. 

Since any two ideal triangles are isometric to each other, the constant c 
above does not depend on the choice of T and hence is a geometric invariant 

of M2. 

A spherical Apollonian packing is defined similarly using the stereographic 
projection of the upper part of the unit sphere = {x'^ + y'^ + = 1} with 
the pole (0,0, —1). The spherical metric on between two points on it is 
simply the angle between the rays connecting these points to the origin and 
the spherical curvature of a circle C of 7^ is given by 

Curv5(C) = cotr(C7) 

where r(C) is the spherical radius of C. 

Theorem 1.17. For any integral spherical Apollonian packing V , 
#{C G V : CurvH(C) < T} ~ ca • for some ca > 0. 



In [22] and [SO], we present applications of Theorem 1.10 to the question 
of counting circles in a given circle packing of the Euclidean plane, or of 
the unit sphere, invariant under geometrically finite Kleinian groups. This 
includes counting circles in various regions in Apollonian circle packings, 
Sierpinski curves, Schottky dances etc. Some of the main results in this 
paper are announced in [28]. 

Acknowledgement: We thank Thomas Roblin for useful comments on an 
earlier version of this paper. 



2. Transverse measures 

2.1. Let (]HI",(i) denote the hyperbolic n-space and diW^) its geometric 
boundary. Let G denote the identity component of the isometry group of H". 
We denote by T^(]HI"') the unit tangent bundle of H" and by vr the natural 
projection from T"'^(]HI") — t- H"". By abuse of notation, we use d to denote a 
left G-invariant metric on T"^(IH[") such that d{'K{u),TT{v)) = v[mi{d{ui,vi) : 
7r(ui) = 7r(n),7r(t>i) = tt{v)}. For a subset A of T^(]H") U U 0(11") and a 
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subgroup H of G, we denote by Ha the stabilizer subgroup {g G H : g{A) = 
A} of A in H. 

Denote by {g^ : r G M} the geodesic flow. For u G T^(BI"), we set 
:= hm g^(u) and u~ := Urn g^(u) 

r— >oo r->— oo 

which are the endpoints in d{M^) of the geodesic defined by u. Note that 
(£,(n))± = 5(u±) for g € G. The map Viz : T^(H") d{W) given by 
Viz(n) = is called the visual map. 

Definition 2.1. (1) The Busemann function (3 : d{W) x H" x H" ^ M 
is defined as follows: for ^ G ^(EI'') and x,y e W, 

r— >oo 

where is a geodesic ray tending to ^ as r — >■ oo. 
(2) For u G T^(EI"), the unstable horosphere %+ C T^(EI") denotes the 
set 

{v G T\W) : V- = (7r(n),7r(i;)) = 0}, 

and the stable horosphere H.^ C T^(]HI") denotes the set 

{v G T^(M") : v+ = n+,/3„+(7r(u),7r(t;)) = 0}. 

The image under vr of a horosphere % in T^(]HI") based at ^ is called a 
horosphere in based at ^, and hence is of the form {y G H'^ : y) = 0} 
for some x G iriT-L). Note that /3 is invariant by isometries, that is, for 
g £ G and x,y e H", P^{x,y) = Pg(^^-^{g{x), g{y)), and that /3 is an analytic 
function. 

Let r be a torsion-free and non-elementary discrete subgroup of G and 
set X := r\EI". Both the natural projection maps ^ X and T^(EI") 
T^{X) will be denoted by p. Denote by the weak stable manifold 

Viz~"^(u) = {v £ T^(IHI"') : = u'^} for the geodesic flow. 

Definition 2.2. Consider a neighborhood P of u in H^, and a neighborhood 
r of It in Viz~^(u). For each t GT and p £ P, the horosphere H^' intersects 

Viz~"^(n) at a unique vector, say, w{t,p) G T^{M"). The map {p,t) — >■ w{t,p) 
provides a local chart of a neighborhood of u in 

• We caU a set B{u) = {w{t,p) G T^(H") : i G r,p G P} a box about 
u if for some eo > 0, the eo-neighborhood of B{u) injects to T^(X) 
under p. We write B{u) = T x P and tp = w{t,p). 

• Fixing t (z T, tP := {tp : p G P} C Tif is called a plaque at t and 
flxing p G P, the image Tp := {tp : t G T} C Viz~^(f)) is called a 
transversal. 

The holonomy map between two transversals Tp and Tp' of B is simply 
given by tp — )■ tp' for each t G T. 

Let P = T X P be a box. For small e > 0, let T^^ be the e- neighborhood 
of T in the same transversal, and Tg- = {i G T : d{t,dT) > e}. Put 
^6± = X P. 
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2.2. Let S he a complete codimension one subspace of which is isomet- 
ric to one of the following: a horosphere, a totally geodesic subspace or a 
hyperbolic sphere. Let E C T^(]HI"') denote the unstable horosphere based 
at 5 if is a horosphere, the full unit normal bundle to 5 if iS is totally geo- 
desic, and the outward unit normal bundle to 5 if S' is a hyperbolic sphere. 
WesetE = p(^) cT^(X). 

Lemma 2.3. If g{E) CiE for g E G, then g G G^. Hence the canonical 
projection map ^§\E — >■ p(-E') is a bijection. 

Proof Suppose g{E) n E ^ $. li E = %+ , then E = %+ for any u £ E. 
Hence if u,g{u) G E, then = ^^(u)- On the other hand, = gCH-t)- 

Hence g E G^. If 5" is a hyperbolic sphere of radius r, then g~^{S) is a 
point o G and g^^{E) is the set of all vectors in T-'^(]HI") based at o. 
As the geodesic flow commutes with the G-action, we may assume without 
loss of generality that S = {o}. Then the assumption implies that g{o) = o 
and hence g{E) = E. If is a geodesic subspace of codimension one, then 
G^ = G^, as G acts as isometrics. If we define to be set of all x G H" such 
that the geodesic connecting x and 7r{v) is orthogonal to v, then S = v-^ for 
any v e E. Hence if gv,v G E, then S = = i9v)~^- Since (gv)-^ = g{v-^), 
we have g G Gg and hence g G G^. □ 

The visual map Viz restricted to is a diffeomorphism onto 51HI" — dS. 
For veE, let iv-Ut - Viz'^idS) E he the map given by 

^y{u) =Yiz-^{u+)nE. 

Then is a diffeomorphism onto E — {—v} where —v is the vector with the 
same base point as v but in the opposite direction. Let ■ E — {—v} Hy 
he the map given by 

q^iw) = Viz-i(u;+)n^+. 
Then q^ is a diffeomorphism onto Ti^ — Viz~^(55) and is the inverse of S^y. 

Proposition 2.4. There exist Ci > and eo > such that 

(1) if v,w £ E and d{v, w) < eo, then 

d{qv{w),w) < Cid{w,v)'^ and \l3y;+{7r{qy{w)),TT{w))\ < Cid{w,v)'^; 

(2) if V £ E and u G Tiy with d{u, v) < eo then 

d{^v{u),u) < Cid{u,v)'^ and (7r(^^,(M)), 7r(n))| < Cid{u,v)'^ . 

Proof. Since ^y is the inverse of qy, (2) follows from (1). Note that the claim 
is void if 5 is a horosphere, since qy {w) = ii; in that case. Consider the case 
when S is totally geodesic. By applying an appropriate isometry of H", we 
can reduce the situation to the following: n = 2, M'^ = {x + iy : y > 0} is the 
upper half plane and E is the set of normal vectors based on the semi-circle 
{x + iy eM^ : x'^ + = 1} and v is the upward unit normal vector at i. We 
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can identify T^(]HI^) with SL2(M) where the left translation action of SL2(M) 
corresponds to the isometric action. Let 

r cosh(t) sinh(i) "I 

- L smh(t) cosh(t) J 

for t G M. Then we may assume w = vh{t) for some f G M. Then 

d{v,w) = 2t. Now qv{w) £ and qv{w)~^ = w'^. Therefore, w £ 

givMji-^^^,^^ w\icTeiy{w) := (7r(u;), 7r(g„)). There exists n-(y^) = [^^ ?] 

such that qv{w) = vn~{yw). And there exists n'^{xy,) = [o^f] such that 
w = qv{w)n'^ {xyj)a{iy{w)) where a(r) = [^""^^^ e-°/2]- 
Then 

d{qy{w),w) = d{e,n'^{xy)a{£v{'w))) < I^C'ii^))!- 

Hence it suffices to show \£y{w))\ <C t^. Since w = vh{t) = vn~{yw)n'^{xui)a{£v{'^))j 
we have h(t) = n~ {y,uj)n^ {xw)a{ly{w)). Now by applying both sides of this 
equation to (1,0) G from the right, we get 

(2.1) (cosh(i), sinh(t)) = (e^-("')/2, e-^^^'"^''^x^). 

Therefore iv{w)/t^ ^ 1 as t -> 0. So if we choose % > sufficiently small, 
then 

\l3^+{7riw),7riq4w))\ = \£y{w)\ < 2^ . 
Now consider the case when S" is a sphere of radius tq. Wc may again 
assume without loss of generality that n = 2, is the upper half-plane and 
E is the set of outward normal vectors based at {x + iy G : d{x + iy, i) = 
ro} and v is the upward normal unit vector at e^°i. Then E = {vk{t) : t G 
(— TT, vr]} where k{t) = [ .^"j'^l-) ] • Writing w = vk{t), we deduce similarly 

as before that qv{w) = vn~{yw) and w = vk{t) = vn~ {yw)n'^ {xy])a{iv{w)) 
and hence k{t) = {yw)n^ {xw)a{£y{w)) . This yields 

(2.2) (cos(t), - sin(t)) = (e^-("')/2, e'^^^^'^/^x^). 

Therefore —£y{w)/t^ — >■ 1 as \t\ 0. Since c\ ■ \t\ < d{vk{t),v) < C2 ■ \t\ with 
ci > and C2 > being uniform constants for all small \t\, we conclude that 
for sufficiently small rj > 0, 

d{qy{w),w) < \P^+{Tr{w),Tr{qy{w))\ = \£y{w)\ < 2^ . 

□ 

In the rest of this section, we fix a box B = TxP whose eo-neighborhood 
injects to T^{X). Let 

C2 = max{d{t, tp) :te T^^+^p G P}. 

Corollary 2.5. Let r > 0. Let v = g~''{'yt) e E and w = (.vig"" {itp)) G E 
for some t, € T,p £ P,^ £ T . Then 

(1) d{g~^{^t),g-^{^tp)<C2e-'; 

(2) dig-'{jtp),w)<CiCie-^^; 

(3) d{v,w) < (CiCfe-'- + C2)e-^ 
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2.4 



Proof. Since g ^ {tp) G Tif, (1) follows. (2) follows from (1) and Prop. 
(3) follows from (1) and (2). ^ 

Lemma 2.6. (1) ForjGT and any r G M, #T n g''{j-^E) < 1. 

(2) IftGTn g^'iTE), then 7 G T satisfying t G g''{-f-^E) IS unique up 
to the left multiplication by T^. 

Proof. Since Viz(T) is a singleton, so is Viz (7T)). N ow ( 1) follows since 
Viz restricted to E is injective. (2) follows from Lemma 



2.3 



□ 



Definition 2.7. For r > 1, t € T and 7 G F with t = 5^(7 ^E), we set 

Er,t,^ ■.= ig~r^^t){g-'\^tP))ciE. 

Proposition 2.8. Let < e < eo- Then for all sufficiently large r ^ 1, 
t £ T and 7 G F with t G g^'{'y^^E), we have 

Proof. Let v := g~^{'yt) and w := Cv{g~^ijtp)) for p £ P. We need to show 



2.5 



that w £ g '^{^B^j^). Then by Corollary 

d{v, w) < (CiCle-'^ + C72)e-^ 

Hence if r is large enough, then by Proposition |2.4[ 

d{Qw{v),v) < Cid{v,w)'^ < e. 

Since qw{v)~^ = v^, if we put ti = g^ {"^^^ qw{v)) , then 

d{ti,t) < d{^~^qy^{v),j~^v) = d{qw{v),v) < e for all large r > 0. 

Since g^{'~f~^w) and tp are on the same transversal Tp, it follows that w = 
g~^{'ytip). Hence w G g""^ {"fB^j^). □ 

Proposition 2.9. // £ x P and 7 G F satisfy tp G g^{^~^E), then 
for all sufficiently large r ^ 1, there exists ti G T n g^'{'y~^E) such that 

Proof. Let := g~^{'ytp) G and if = Cvid^^ i'yt)) G ii^. Since d{w,v) < 



2C2e~'', by Proposition 2.4 



d(^.;,5-'^(7t))<Ci(4C|)e-2^ 

Therefore if we put ti = g^{j~^w), then = t+, and d{ti,t) < 2C2e~'' < e 
for all large r > 1. Hence ti G T. Since (tip)^ = {tp)~^, we have v = 

Proposition 2.10. For i = 1,2, let ti £ T and £ T be such that ti £ 
g'' {■y^^ E) . Then for all large r ^ 1, 

(1) Sr,ti,7i n Er,t2,-y2 = 7l / 72- 

(2) Er,t,,^, n Er,t2,^^ = l/ti / 

(3) F^£'r,ti,^i = TgEr^t2,'r2 ^I^e^i = r^72- 
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Proof. By Proposition 2.8 for all large r and e < eo, we have 

(2) follows from (1) since ti / t2 implies 71 / 72 by Lemma |2.6[ (3) 



follows since for /i G G^, we have 

□ 

By Lemma [2.6[ 2) and Proposition 2.10| ^3), the following set is well-defined 
(below we sometimes consider sets T,P,B, etc., as subsets of T^{X); since 
-Be+ injects to T^{X) for all small e > 0, this should not cause any confusion): 

Definition 2.11. For r > 1 and t E T n g''{E), set 

Er,t ■=V{ig-ri.,t){9-'{ltP)))^E 

for any 7 e r such that p'^t) n 5'"(7~i^) / 0. 

By combining Propositions |2.8[ |2.9[ and |2.10 we have: 
Corollary 2.12. Let < e < eo- T/ien /or all sufficiently large r ^ 1, 
g-''{B,-)r\E C □ Er,t Cg-'{B,+)r\E 

where Ej-^ti H Er^ 7^ for ti ^ t2- 

2.3. Let {fix '■ X £ H"} be a T-invariant conformal density of dimension 
(5^ > on 9(]HI"'). That is, each is a non-zero finite Borel measure on 
d{ir) satisfying for any x,y G M", ^ G 5(IH") and 7 G P, 

7./i. = /i,. and ;^(^) = e-M^fe'-), 

where 7*/ix(-^) = fJ-xi'y^^ (F)) for any Borel subset F of 5(11"). We assume 
that fix is atom-free. 

Definition 2.13. We consider the measure on E given by 

dfi^iv) = e^^^^+^^'^'^^^Ufioiv-^) 

(it is easy to check that this definition is independent of the choice of o G H"). 

Noting that 7*/i^ = for any 7 G P, we let fiE the measure on E 

induced by fi^. 



By Corollary |2.12[ we have, for any box B = T x P, e C{B), and 
f&C{E), 

(2.3) / ^{g'-{u))f{u)dfiE{u)= Yl I '^{9'{u))f{u)dfiE{u). 



The conformal density {fix} induces a P-invariant family of measures 
and fip(n+) strong unstable horospherical foliation on T^(]HI") and on 

T^{X) respectively. 
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It can be easily checked that for any r G M, 
(2.4) 5.>^+ = e-^''>^+^^^. 

Proposition 2.14. Given e > the following holds for all sufficiently large 
r>0 andt £Tng''{E): for any ^ € C{B) and f £ C{E), 

{l+ey^f;{g-^(t))e-'^'- j ^7 {tp)^,^Up) < [ M/(/H)/Hd/i£;H 

< (1 + e)f^{g-^\t))e-'-^ [ (tp) l^nt 



where ^'^ G C{Be±) are defined by 

(2.5) ^'+(n) := sup ^'(u) and ^-{u)= inf ^(i;); 

d(u,v)<e d{u,v)<€ 

and f^ € C{E) are given by 

(2-6) f^{u):= sup f{w) and f^{u)= inf f{w). 

w&E:d{u,w)<e weE:d(u,w)<e 

Proof. Since d{v,w) < e for f = g~^^t and w = (,vi9~^ {"ftp)) £ Er^t for all 
sufficiently large r by Corollary |2.5[ we have 



fria-'-it)) < fiw) < ft{9-'\t)). 

On the other hand, there exists C3 > such that for any v = g~^{"ft) € E 
and w = S,vig~^ iltp)) G E with 7 G F and p £ P, we get, by Proposition 



2^ and Corollary [23| 

, ^f-?,,, e [(1 + C^3e-^^)-\ 1 + Cae-^n C [(1 + e)~\ 1 + e], 
dl^n+^9 "^{itp)) 

for all large r ^ 1. Since d^y^+{g~'^ (tp)) = e"^'^'^ diJLy+{tp), the claim follows. 

□ 

Corollary 2.15. Lete>Q,^ £ C{B) and f £ C{E). For all large r > I, 
we have 

(1 + e)-^ i^:{t)f-{g-'{t))<e'-^ j ^{g^{u))fiu)dMn) 

<(l + e) Yl ^t{t)ft{9-^'{t)). 

teTng^iE) 

where ipf{t) = J^p^f{tp) dfi^+{p). 



Proof. The claim follows immediately from Proposition 2.14 and (2.3). □ 

Lemma 2.16. [36\ Lem 1.16] The collection {/^-^+} of measures on the 
horospherical leaves p(Ti~^) is a Haar system in the sense that for all boxes 
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B = T X P and all continuous maps ^' : T^{X) — )• M with compact support 
included in p{B), the map 



teT^ ^{tp) dfly^^ 

Jtp 



is continuous. 



Definition 2.17. A box B = T x P is called admissible with respect to the 
family if every plaque has a positive measure with respect to {^-^+}, 

that is, ^J-^+ {tP) > for ah t £ T. 

Corollary 2.18. For any u G T^(]HI'^), there exists an admissible box cen- 
tered at u with respect to {^-^+}. 

Proof. Since is homeomorphic to diW^) — {u^} and fio{u~) = by 
the atom-free assumption, there exists a relatively compact neighborhood 
P C Ti^ of u with > and p is injective on P. By Lemma 2.16, there 
exists a neighborhood T C Viz~^('u) of u such that ^^+{tP) > for all 
t G T. As P is relatively compact, we can take T small enough so that some 
neighborhood of B{u) = T x P injects to T^(X). Hence B{u) = T x P is 
admissible. □ 

In the following proposition and corollary, we assume that B = T x P is 
an admissible box with respect to {/^-^+}. We let ip G C{T) and define a 
function ^ on B by 

mtp) = ^^^^ 



for all tp € B. By Lemma 2.16 ^ G C{B). The following proposition 
will allow us to compare the transversal intersection with the mixing of the 
geodesic flow with respect to m^^^; this will be carried out in Theorem 



3.9). 



Proposition 2.19. For any given e > 0, the following holds for all large 
r » 1.- for any f G C{E), 



[l + e)-' f Kig^iw))f-{w)dMw)<e-'-^ mfio'^'it)) 

<(i + 6) / ^'+(/H)/+Hd^sH. 

Je 



where ^'^ and G C{E) are given as in (2.5) and (2.6) respectively. 



Proof. Since the support of ^'^ is contained in B^^, by (2.12), we have 
(2.7) 

'^ei.9"{w))f-iw)dflE{w) = Yl / '^ei9"{w))fr{w)dfiE{w) 
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If w E -E'r,t,7 for some 7 G F and is of the form iv{g^'' {"ftp)) for v = 



g ^{"jt), then by Corollary 



2.5 



dig^iw),^tp) < diw,g-^ijtp)) < CiCie-^' 

and 

diw,g-'{^t))<2C2e-\ 
Hence for w G E^^t and for r large enough, we have 

^-{g'{w)) < ^i^tp) = ^{t) and friw) < fig-'-it)). 



Therefore, together with (2.14), this implies that 
(2.8) ^ 

^:{g^w))f-{w)d^,E{w) < {l + e)e-'-'di^^+{tP)^{t)f{g'^{t)) 

Er,t ' 

= (l + e)e-V^(t)/(5-''(t)). 

( |2.7| ) and ( |2.8[ ) imply the first inequality. The other inequality can be 
proved similarly. □ 

Corollary 2.20. Let f £ C{E) he such that /+ G L^{E, ^e) for some e > 0. 
The following hold for all large r > 1. 

(1) For any ip G C{T), 

imfig'^m < 00. 

(2) In particular, if there exists a T-invariant conformal density {fix} 
which is atom-free and \ij,e\ < 00, then for any transversal T of an 
admissible box B = T x P with respect to 

#(rn/(i?)) <oo. 

(3) For any ^ G CciT\X)), 
|^'(/(n))/(n)| dfiE{u) < 00. 



Proof. The claim (1) follows immediately from Proposition 2.19 



since 



^ \mfig"^m < (1 + e)e^-ni^+iioo • M\f^\)- 

teTng^(E) 

(2) is a special case of (1). For (3), we may assume without loss of generality 
that <I> G C{B) for an admissible box B with respect to by Corollary 



2.18 We may also assume that both \I' and / are non-negative functions. 



Defining tp'^^t) := J^p dfj,y^+{p), we have ijj^ G C(Te+) by Lemma 



2.16 Now the claim (3) follows from (1), since Proposition 2.14| and (2.3) 



imply that 

/ ^{g'{u))f{u) df^Eiu) < (1 + e)e-'-^ Yl (t) ft {a'' {t)) 
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□ 

Definition 2.21. (1) The hmit set A(r) of F is the set of all accumu- 
lation points of an orbit T(z) in HI for z £ H". As T acts properly 
discontinuously on H", A(r) is contained in 5(]HI"). 

(2) A point ^ G A(r) is a radial limit point (or a conical limit point or a 
point of approximation) if for some (and hence every) geodesic ray 
/3 tending to ^ and some (and hence every) point x G H", there is a 
sequence 7j G F with 'jiX — >■ and d{'yiX, /3) is bounded. 

(3) We denote by Ar(r) the set of radial limit points for T. 

Lemma 2.22. IfT is Zariski dense, Ar{T) is not contained in any proper 
subsphere in d(W^). 

Proof. Let L denote the smallest complete totally geodesic subspace con- 
taining the convex core of A(r). Then T{L) C L. If A(r) is contained in a 
proper subsphere, then the dimension of L is at most n — 1. Since F C Gl 
and is a proper algebraic subgroup of G, this yields a contradiction. 
Since A(F) is a minimal F-invariant closed subset and hence Ar(F) is dense 
in A(F), this proves the claim. □ 

Theorem 2.23. Suppose that F is Zariski dense and that there exists a F- 
invariant density {fi^ ■ x G H"} which is atom free and \iie\ < oo. Then the 
natural map p : T^\E — t- T^(F\]HI") is proper and hence p{E) is closed. 

Proof. If not, there exists sequences 7i G F and Ci £ E such that ^iCi — 
V G T^(H") as i ^ oo, and ja'^ ^ F^ for ah i / j. Fix cq G E. Then 
Ci = hiCo for some hi £ G^ and v = geo for some g £ G, and ^ihirrii — )• g 



for some rrii £ Geo- Since Geg C Gj^ (see the proof of Lemma 2.3), we have 
h[ := hiTUi £ G^. Since the image of gE under Viz is d{M"') — d{gS), by 
Lemma 



2.22 



there exists /lo(eo) £ E such that gho{eQ) £ Ar{T). Hence 
there exist — )■ oo and 7^ G F such that g^''7^5'/ioeo — ^ g'^o for some g' £ G. 

Let = T X P be an admissible box centered at g'cQ. Let e > be 
such that g'eo £ -Bs^-. Fix r = ^> 1 big enough and 7' = 7^ so that 
g^ {j' ghoco) £ B2e- and Proposition 2.9 and Corollary [2.20 hold with respect 



to e > 0. 

Since 7i/i'j — )■ g, we have g^ {'y' 'Jih^hoeo) — g^ {'j' ghoco) as i — )• 00. There- 



fore g^ {j' Jih^hoeo) £ for all large i ^ 1. Proposition 2.9 implies the 
existence of G T n g''{^''^iE) for all large i » 1. Moreover tj 7^ tj, 
by Lemma 2.12, because 7iF^ 7^ Ij^ e ^ 7^ This shows that 

^{Tr\g^{E)) = 00. By Corollary 2.20^ 2), this contradicts the assumption 



of \ij,e\ < 00. □ 
3. Weighted equidistribution of glfi^^ 

3.1. Let F be a torsion- free and non-elementary discrete subgroup of G and 
set X := rXW. Let 5 G G and W = WU 0(11"). Denoting by Fix(c/) the 
set of fixed points of 5 in IH , g is called elliptic if Fix{g) is a singleton in H", 
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parabolic if Fix{g) is a singleton in d{M^) and loxodromic if Fix{g) consists 
of two points in d{M"'). Any element of G is one of the above three. 

Definition 3.1. (1) A subgroup P of G is parabolic if n^gp Fix(g) con- 
sists of a single point ^ G 9(E[") and if P preserves set-wise every 
horosphere in based at ^. 

(2) A point G A(r) is a parabolic fixed point of F if is parabolic. 

(3) We denote by Ap(r) the set of parabolic fixed points for T. 

3.2. Let {fJ-x} and {fJ-'r,.} be F-invariant conformal densities on 9(E[") of 
dimension 6^ and 5^/ respectively. Following Roblin, we define a measure 
m^'^' on T1(F\]H") associated to {n^} and {^t^.}. As, fixing o G M", the 
map 

u ^ (u+,u",/3„-(o,7r(u))) 
is a homeomorphism between T"'^(]HI"') with 

the following defines a measure on 
Definition 3.2. Set 

Noting that m^'^ is F-invariant, it induces a measure m'^''^ on T^(F\]HI"). 
This definition is independent of the choice of o G H". 

Two important densities we will consider are the Patterson-Sullivan den- 
sity and the G-invariant density. We denote by 6r the critical exponent 
of F, that is, the abscissa of convergence of the Poincare series Vris) := 
^^gP e~^'^(°''^(°)) for o G H". As F is non-elementary, we have 5r > 0. Gen- 
eralizing the work of Patterson [31] for n = 2, Sullivan |41j constructed a 
F-invariant conformal density {ux : x £ H"} of dimension 6r supported on 
A(F). 

We denote by {nix '■ x G H"} a G-invariant conformal density on the 
boundary d{W^) of dimension (n — 1), unique up to homothety. In particular 
each 

TTix is invariant under the maximal compact subgroup Gx- 

Definition 3.3. (1) The measure m^'*^ on T^ {T\W) is called the Bowen- 
Margulis-Sullivan measure mP'^^ associated with {z^^:} ([S], 121]) |42j ) 

(2) The measure m^'"^ is called the Burger-Roblin measure associ- 
ated with {fx} and {nix} (iSj, ^36j): 

mP^(n) = e("-i)/^^+(°'^(")) e^r/5„- (o,^(n)) dmo{u+)duo{u')dt. 

We note that the support of m^^^^ and are given respectively by 

{u G T^{X) : u+,u- G A(F)} and {u G T^{X) : u" G A(F)}. We will 
sometimes omit the subscript F in the notation of m^^^ and mp^. 
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Burger [6j showed that for a convex cocompact hyperbohc surface with 6r 
at least 1/2, mP^ is a unique ergodic horocycle invariant measure which is 
not supported on closed horocycles. Roblin extended Burger's result in much 
greater generality. By identifying the space 0-^ of all unstable horospheres 
with d{Il"') X M by 'H~^{u) {u~ , {3~ {o,7r{u))), one defines the measure 
dil{n) = dvo{i)e^^ds for % = (C,s). Then Roblin's theorem [Ml Thm. 6.6] 
says that if |mP^^| < oo, then fi is the unique Radon F-invariant measure 
on Ar(r) X M C il-H. This important classification result is not used in 
our paper but it certainly explains a reason behind the theorem that the 
asymptotic distribution of expanding horospheres is described by mP^. 

The following theorem is of independent interest, though it will not be 
used in the rest of the paper. Defining 0o S C(HI") by 

(j)Q is a F-invariant function which is an eigenfunction of the hyperbolic 
Laplacian with the eigenvalue —5{n — 1 — 5). 

Theorem 3.4. The following are equivalent: 

(1) < oo; 

(2) F is a lattice in G; 

(3) (/.oGLi(F\]H"). 

Proof. If F is a lattice, then {i^x} = {m-x} up to homothety. Hence is 
simply the Liouville measure, in particular, the projection of a G-invariant 
measure of F\G to T^(F\IHI"'). Hence the claim follows. Suppose |mP^| < oo. 
Since the G-action on T^(]HI") is transitive, we may identify T^iW) with 
G/M for a compact subgroup M. We lift the measure to F\G trivially, 
and call it m. That is, m{f) = m^^{f^^jyj f^dx) where fx{g) = f{gx) and 
dx is the probability Haar measure on M. Denote by U the horospherical 
subgroup of G whose orbits in G projects to the unstable horospheres in 
T^(]HI"). Then M normalizes U and any unimodular proper closed subgroup 
G containing U is contained in the subgroup MU . As is invariant G-^+ 
for any unstable horosphere H'^ , it follows that m is a [/-invariant finite 
measure on F\G. By Ratner's theorem [35], any ergodic component, say, 
mo, of m is a homogeneous measure in the sense that tuq is an //-invariant 
finite measures supported on xqH for some xq G F\G and H \sa. unimodular 
closed subgroup G containing U . If H ^ G, then H C MU and TCiH is co- 
compact in H. It follows by a theorem of Biberbach (cf. [?[ Thm. 2. 25]) that 
FnC/ is co-compact in U. Hence H = U. Hence we may write m = nii + m2 
where mi is G-invariant and m2 is supported on a union of compact U- 
orbits. The projection of the support of m2 in T^(]H["') is a union of compact 
unstable horospheres based at Ap(F). It follows that m2 must be 0, since 
/l(Ap(F) xM) = 0. Hence m is G-invariant. Hence the finiteness of m implies 
that F is a lattice in G. This establishes the equivalence of (1) and (2). The 
measure m^^ considered as a linear functional on Gc(F\]HI") is equal to 
(j)odm for the hyperbolic invariant measure m on H" (see [19\ Lem 6.7]). 
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Since 0o G L^{T\M"') if and only if defines a bounded linear functional 
on L°°(r\]H["') with the norm given by mp^(l) = f^^^-^^ (podm < oo, the 
equivalence of (1) and (3) follows. □ 



3.3. Let 5 and E be as in the subsection 2.2, The following measures are 



special case of 2.13 



Definition 3.5. (1) Set 

The measure is G-invariant ( g^^fJ.^^ = fj^^^^); in particular, it 
is the Lebesgue measure on E as it is preserved under the action of 

(2) Set 

dp^^{v) = e''r/3„+(°.-(^))(ii.^(^;+). 
We note that uF-^ is a F-invariant measure. 

E 

We denote by ^j}^^ and /x^^ the measures on £' = p{E) induced by pi^^ 
and /i?^ respectively. 



PS 

PS _ r,,PS T „„A ,.Leb 



In particular, we have families of measures ji = and /i 

Lei 

PS. . (n'^tT^W — Jtt ,,^S {t;^\ ^^j ,,Leb , ( ( T^W — Jr'r , ,l^eh 



for any Borel subset F of p(^^), 

A transverse measure for the strong unstable foliation is a collection {vt} 
of Radon measures on each transversal to the foliation. We say {z^t} holo- 
nomy invariant if for all holonomy maps rj : T ^ T' , 

Given a transverse holonomy-invariant measure and a Haar system a, 
we can define a product measure uoa on T^{X) as follows: for V' G CciT^{X)) 
with support contained in a box B = T x P, 



V o a{ip) = / / ^{tp) da{p)dvT{t). 
Jt JpetP 

The holonomy invariance of implies that the above is well-defined, that is, 
independent of the choice of a transversal T. It is clear that for any pair of 
boxes Bi and B2, voa\c^{Bi) aiid voa\c^(B2) agree on Cc{BiriB2)- Therefore 
this definition extends uniquely on to a linear functional on Cc(T^(X)) using 
a partition of unity argument (cf. |22l Lem 4.2]). 
For each transversal T of T^(E["), set 

djiTiu) = e-x.-p{—5s)duo{u^)ds 

where s = (7r(u), o). Then the collection {JIt ■ T} is F-invariant and 
holonomy invariant, and hence we obtain a collection = {fj-x} of transverse 
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holonomy invariant measures on transversals to the strong unstable foliation. 
We have 

3.4. We assume that < oo in the rest of this section. This implies 

that r is of divergent type, that is, X^^gp 6"'^'"'^'^°''''°) = oo and that the F- 
invariant conformal density of dimension (5 = (5r is unique up to homothety 
(see [Ml Coro.1.8]). 

Hence, up to homothety, is the weak-limit as s — )■ (5p of the family of 
measures 

for some o G H". 

Since |mP^^| < oo, the F-action on 9^(]HI") is ergodic with respect to 
Ux X Vx and hence the following proposition follows from |36(. Pf of Thm 1.7]. 

Proposition 3.6. Ux is atom-free. 

Rudolph showed the following mixing theorem for F geometrically finite 
and Babillot showed it in general: 



Theorem 3.7 (Rudolph [HT], Babillot P). For ^-i, ^2 G L^{T'^{X), 



m 



BMS\ 



lim [ *i(x)^2(/(x)) dm^^^ix) = , m^^^i^i) ■ m^^^{^ 

r— >oo J 777. 

Theorem 3.8. Let f G L\E,ij,^^) and 1- G CciT^{X)). 

(3.1) lun / ^[gr^nJ))f{w)d^^WH = ^^^^•m^^^{^). 



2) 



Proof. In [36, Coro. 3.2], (3.1) was deduced from Theorem 3.8 for E = T-L^ 
and / G Cc(p(^jJ")). The general case will be deduced from this. Since 
Cc{E) is dense in L^{E,^^^), it is sufficient to prove (3.1) for / G Cc{E). 

Fix e > and for each v £ E, denote by By{e) the e-neighborhood of v 
in E. Suppose that the support of / is contained in By{e). Then for any 
77; G B^{e), we have by Proposition 2.4 at^'^''^1q%)) ^ [1 - C'e, 1 + Ce] for 
some C > 1. Therefore 



^(/(77;))/(77;) d^i^E^iw) 



< / ^ti9'^iQv{w))fiw) dfiWiw) 

<{1 + Ce) I ^t{f{u))f{Uu))dfi^^Au). 
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Hence by applying the case of E = p("H ^) and using fJ^^if) = (1 + 
0{e))fjF%{f o S^y) again by Proposition 
(3.2) 



2.4 



we have 



limsup / ^ig^iw))fiw) df^^^iw) = (1 + 0(e))f^ • m^^^^t) 



Similarly we can deduce 



(3.3) hminf / ^{g^{w))fiw) d^l^w) = (l+0(6))fSg.^BMS(^-), 



By the partition of unity argument, (|3.2[ ) and (3.3) holds for any / S 
Cc{E). Since e > is arbitrary and mP^{'i>f — ^~) — )• as e — )• 0, this 
proves the claim. □ 

Let = r X P be an admissible box with respect to whose eo- 

neighborhood injects to T^{X). The following is one of the crucial observa- 
tions in this article: 

Theorem 3.9 (Transversality Theorem). Let f G C{E) D L^{E,n^^) such 
that /i|^(/+ - /7) ^ as e^O, and let if) G C(T). Then 

lim e-^^'- ^^)fia-'\t)) = l&^n^i^). 

r— s>oo ^ — ' ^ 



Proof. Let ^'(tp) = ^pf^*^^^ for alltp e B = T x P. By Lemmas 



3.6, ^ G C{B). By Theorem 3.8, we conclude that 



2.16 



and 



(3.4) Hm_ / ^t{f{v))ft{v) df^Wiv) = ^''^'^^^I'^Z'^^^^ 



Since ^J■E^{ft-f) and m^^^{^f) as e 0, by Proposition 

/i|S(/)mBMS(^) 



2.19 



(3.5) lime-'r- ^ mf{9"''{t)) 

ieTn3''(£;) 



I^BMSI 



Now 



^BMS(^) = / df^Tit) ( l^^ntp)df,ll^^^ ] = Mt(V'). 



This completes the proof of the theorem. □ 

Theorem 3.10. Let f G C{E) n L^{E,^i^j^) such that f^l^if^ - /") ^ 
as e ^ 0. Then for any ^' G Cc{T^{X)), 

lim e(-i-^i^)^ / ^(g^(^x))/(u) dfJi\u) ~ fM(^^BR(^)^ 
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Proof. Let B be an admissible box with respect t o and E C{B). 



Let i^fit) = J^p^+{tp) dn^+{p) as in Corollary 



2.16 



and [34 7/;,=^ E C(re±). 



2.15 



Then by Lemmas 



By Corollary 2.15[ we have 



teTng'-(E) 

Setting ij{t) := /^p^(tp) d/xif^(p), note that /iT(^) = m^^(^') as well 

as = 7Ti^^(^'^). As ^ is uniformly continuous, we have m^^(^'^ — 

as e 0. 

We apply Theorem 3.9 and use the assumption of lJ^{f^ — /~) — to 



obtain that 

,BMS 



lime(«-^^)^' / Hf[umu) d,T{u) = 



Since /Ur(^) = m^^(^'), this proves the claim for ^ E C{B) by (2.3). 



Since admissible boxes provide a basis of open sets in T^(X) by Corollary 



2.18, we can use a partition of unity argument to finish the proof. □ 



The above proof was influenced by the work of Shapira [40j. 

4. Geometric finiteness of closed totally geodesic immersions 

This section is on the geometry of closed totally geodesic immersions in 
neighborhoods of cusps. The results are applied in this section to obtain a 
criterion for compactness of the support of fJ^, and in the next section to 
study finiteness of . 

4.1. Let r be a torsion free discrete subgroup of G. Let ^ E d{W^). In 
order to analyze the action of on d{M"') — {^}, it is convenient to use the 
upper half space model M" = {{x,y) : x E M"^^,y > 0} for H", where ^ 
corresponds to 00 and 5(11") — {^} corresponds to f?(M") = {(x,0) : x E 
M""^}. Assume that cxd is a parabolic fixed point for T. The subgroup Poo 
acts properly discontinuously via affine isometries on 9(E[") — {00} = M"~^; 
at this stage we will treat M"^"*^ only as an affine space, and we shall be free 
to choose its origin later. By a theorem of Biberbach [4j Thm.2.25], there 
exists a normal abelian subgroup P' of Poo which is of finite index. Moreover 
by m Prop. 2.2.6], there exists a minimal Poo-invariant affine linear subspace 
L of positive dimension in R"~^ such that Pqo acts co-compactly on L and P' 
acts as affine translations on L; which is uniquely determined up to parallel 
translations (which commute with the action of a subgroup of finite index in 
Poo)- We will call any such L = L(P, 00) a P-Biberbach subspace associated 
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to oo. The rank of a parabolic fixed point oo is defined to be the rank of 
the Z-module V which is same as the dimension of L. 

Definition 4.1. A parabolic fixed point ^ € A(r) is said to be bounded 
if r^\(A(r) — {^}) is compact. Denote by Ahp{T) the set of all bounded 
parabolic fixed points. 

Therefore if oo is a bounded parabolic fixed point, A(r)— {00} is contained 
in {x G M""^ : dEuc{x, L) < tq} for some tq > 0. 

4.2. In this subsection, let S C H" be a totally geodesic subspace. We 
assume that the natural projection map Tg\S — )• X = r\E[" is proper, or 



equivalently, its image r\r5 is closed in X (cf. Lemma 6.9). Since S is 
totally geodesic, the geometric boundary d{S) is the intersection of d{M^) 
with the closure of S in H". 

Proposition 4.2. Let 00 € Ap(T)ridS . Let L be a T-Bieberbach subspace of 
dW^ — {00} = M""^ associated to 00 and let Lg be a maximal affine subspace 
of d{S) — {00} parallel to L. Then an abelian subgroup of finite index in 
Too n acts cocompactly on Lg by translations. 

Proof. We choose G M""^ to be contained in L. The stabilizer Goo of 00 
in G is of the form MAN, where is the unipotent radical of Goo which is 
abelian and acts transitively on M"-i as translations, A is one dimensional 
group consisting of semisimple elements preserving the geodesic joining 
and 00, and M is a compact subgroup which commutes with A and acts on 
M"^i by rotations fixing the origin 0. Note that Too C MN. 

Let U = {g £ N : gL = L}. Then U acts transitively on L by translations. 
Let r' be an abelian subgroup of Too with finite index which acts cocom- 
pactly and properly discontinuously on L via translations. Since £ L, 
the connected component of the Zariski closure of T' is a connected abelian 
subgroup of the form MlU, where Ml C M and Ml acts trivially on L. 

Let Lq be a subspace of L which is parallel to L^. Since r'\L is a compact 
Euclidean torus, the closure of the image of Lq in T'\L equals the image of 
an affine subspace, say Li, of L. Thus T'Lq = T'Li. For i = 0,1, let 
Ui = {u £ U : uLi = Li}. Then Ui acts transitively on Lj, and T'MlUi = 
T'MlUq. Therefore the component of identity in T'Uq is of the form MiUi, 
where Mi C Ml and (L' n MiUi)\UiMi is compact. 

Since TS is closed in H" by the assumption, the set TGg is closed in 
G. Therefore T'Uq C TG^. And since G^ contains the component of the 
identity in TG^, we have MiUi C Gg. Hence d{S) — {00} is invariant under 
the translation action of Ui. Hence d{S) — {00} contains a subspace parallel 
to Li, and by maximality of L^, we have Lq = Li. In particular, T'CiMiUi C 
r' n G^ acts cocompactly on Lq, and hence on Lg, by translations. 

Let be a r' n G^-Bieberbach subspace of dS — {00} associated to 
00. Then dimL2 = rank(r' n G^). Let L2 be the subspace through 
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parallel to L'^- Then F' n acts on L2 via translations in U . Hence 
L2 C L. By maximality of L^, we conclude that dimL2 = diniL^. Hence 
rank(r' n M^Vx) = rank(G' n Gg). □ 

As a direct consequence of Proposition |4.2[ we obtain the following: 

Lemma 4.3 (Corank Lemma). For 00 G Ap(r) Dd^S), the co-rank of Too H 
in Too is at most the co-dimension of S in H". That is, for a free ahelian 
subgroup T' ofT^o of finite index, the rank of the Z-module T' /T' DT^ is at 
most n — dim{S). 

Proposition 4.4. Let 00 G Afcp(r) n d{S). Then 

fooGAbp(r^) tfTooHT^^ie}; 
|oo^A(r^) ifToonT^ = {e}. 

Proof. Let L = L(T, 00) and T' be a subgroup of finite index in Too which 
acts by translations on M"~^. Then A(r) — {00} is contained in a bounded 
neighborhood of L and hence (A(r) — {00}) n 9(5') is contained in a bounded 
neighborhood of L intersected with d{S) — {00}. Denoting by Lg a maximal 
affine subspace of d{S) — {00} parallel to L, it follows that (A(r) — {00}) n 
d{S) is contained in a bounded neighborhood of in d{S) — {00}. If 
Foonr^ is non-trivial (and hence infinite), then is a F^-Biberbach space 
for 00 by Proposition 4.2 and hence 00 G A5p(r^). 



If Too n is trivial, Ap^ — {00} is contained in a bounded subset of 

d{S) — {00}. Hence 00 G d{S) is isolated from A(r_g) — {00}. Since the 
limit set of a non-elementary hyperbolic group is perfect [12], it follows that 
Pg is elementary, and hence Pg is either parabolic or loxodromic. In the 
former case, A(P^) = {00} = Ap(P^), contradiction the assumption that 
Loo 1^ = {e}. In the latter case, A(P^) = Ar(P^) and hence cxd is a radial 
limit point for P^ and hence for P. This contradicts the assumption that 
00 G Ap(P). □ 

Lemma 4.5. We have 

Ar{T)nd{S) = Ar{T^). 

Proof. Let ^ G Ar{T)r\d{S). As S is totally geodesic, there exists a geodesic 
ray, say, f3, lying in S pointing toward ^. Since ^ is a radial limit point, P/3 
accumulates on a compact subset of H". By the assumption that the natural 
projection map T^^\S X is proper, P^/3 accumulates on a compact subset 
of S. This implies ^ G Ar(P^). The other direction for the inclusion is 
clear. □ 

Bowditch established many equivalent definitions of a geometrically finite 
hyperbolic group in In particular, we have: 

Theorem 4.6 ( [2] . |25] . [Ij). P is geometrically finite if and only if A(T) = 
A^(P)uAbp(P). 
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Hence, for T geometrically finite, Ap(r) = A{,p(r). 
Theorem 4.7. IfT is geometrically finite, thenVg is geometrically finite. 
Proof. Since A(r) = Aj.(r) U Abp(r), it follows from Proposition 14. 41 and 



Lemma 4.5 that A(r^) = Abp(r^) U Aj.(r^), proving the claim by Theorem 

□ 



Definition 4.8. We say ^ G Ap{T)r\d{S) is T-internalif [Fg : T^nr^g] < oo. 



The following is immediate from Proposition 4.2 

Corollary 4.9. Let oo G Af,p(r) n d{S). If a T-Biberbach subspace of oo is 
parallel to d{S) — {oo}, then oo is T-internal. 

Let E C T^(]HI") denote the set of all normal vectors to S and E = p{E). 
We observe that supp(//|^) = {v £ E : v+ £ A(r)}. 

Proposition 4.10. Let T> C S be a Dirichlet domain for T^, i.e., T> = {s £ 

S : d{s,a) < d(s,r^a)} for some a £ S. 

(1) IfT is geometrically finite, then A{T) D d{V) = Kp{T) n d{V). 

(2) If i £ A5p(r) r\d{V) is T-internal, then there exists a neighborhood 
Uofiin d{W) such that 

{v£E: tt{v) £V, v+ £ U H A{T)} = 0. 

Proof. Suppose ^ £ A{T) n d{V). As V is convex and T g{V) is locally finite 
in S [H Lem. 3.5.11], ^ cannot be a radial limit point for F^. By Lemma 



4.5, this proves (1). 

To prove (2), suppose not. Then there exists a sequence Vm £ E with 
T^ivm) £ 'D, £ A(r) and — )• ^. Without loss of generality, we may 
assume ^ = oo and hence is a vertical plane in the upper half space model 
of H". Note that f ^ — >• oo implies that vr(vm) — )• oo. 

Since oo is bounded, all i;+ £ A(r) — {oo} are contained in a bounded 
neighborhood of L. It follows that there exists r > such that for all m, 

TT{vm) £ B{L,r) := {x £ S : d^ac{x,L) < r}. 

As oo is L-internal, Foo H F^ has finite index in Fqo and hence acts as 
translations on L = L(F, oo) cocompactly. Hence Fqo HF^ acts cocompactly 
on B{L, r) as well. This is a contradiction, since Tr{vm) £ and 7r(t>m) oo. 

□ 

Theorem 4.11. Let T be geometrically finite. If every point of Ap(T)r]d{S) 
is T-internal, then supp(/i^^) is compact. 

Proof. Let 2? C S* be a Dirichlet fundamental domain for F^. If the claim 
does not hold, there exists an unbounded sequence Vm £ E with 7r{vm) £ 
and £ A(F). Since A(F) is compact, by passing to a subsequence, we 



have assume that f + — )■ ^ for some ^ £ A(F). By Proposition 4.10 (1) and 



the assumption on the geometric finiteness of F, ^ G A^piT) n d{'D). Since 
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^ is F-internal by the assumption, this yields a contradiction to Proposition 



430] (2). □ 

4.3. Compactness of supp(//^^) for Horospherical E. 

Lemma 4.12. Let % he a horosphere in T^(]HI") based at ^ ^ Ap{T). Then 

ru = r^. 

Proof. If u,^{u) £ Ti, = u~ = ^{u)" = ^{u~). Hence F-^ C T^. Suppose 
that 7 G does not preserve Ti. Then such 7 must be a loxodromic 
element. On the other hand, since ^ is a parabolic fixed point, there exists 
a non-identity 70 G T-^. By the well known fact that a loxodromic element 
and a parabolic element fixing the same element of d{M"') cannot generate 
a discrete subgroup, this is a contradiction. □ 

Theorem 4.13 (Dal'bo [7]). LetT be geometrically finite. For a horosphere 
n in T^(H") based at C £ 9(11"), E := p{n) is closed in T^(X) if and only 
if either ^ ^ A(r) or ^ G Abp{T). 

Theorem 4.14. Let T be geometrically finite. If E := p{7i) is a closed 
horosphere in T^{X), then supp{fi^) is compact. 

Proof. Let ^ G 5(11") be the base point for T-L. The restriction of the visual 
map Vis : u 1— t- t)+ induces a homeomorphism -0 : ?^ — )• 9(]HI") — {^}. As E 
is closed, by Theorem 4.13| either ^ ^ A(r) or ^ is bounded parabolic fixed 



point. If ^ ^ A(r), = {e} and A(P) is a compact subset of 5(11") - {^}. 
Since supp(/ig^) = p(V'~^(A(P))), it follows that supp(/x^^) is compact. 



Suppose now that ^ is a bounded parabolic fixed point. By Def. 3.1 and 



Lemma 4.12, P-^\(A(P) — is compact. Since induces a homeomor- 
phism between Tn\n and P^\(9(]H") -{^}), it follows that P^\'(A"HA(P)- 
{^}) is compact and is equal to supp(/i^^). □ 

5. Criterion for finiteness of /x^^ 

Note that (see P Prop. 2]): 

Lemma 5.1. // there exists ^ G Ap(P) of rank r, then 6t > r/2. 

Let 5 be a complete totally geodesic submanifold of M"" such that TS is 
closed. Let E C T^(E["') be the unit normal bundle on S. Let E = p{E) C 
P\T1(]H"). 

Theorem 5.2. LetT be geometrically finite (and torsion free) . Assume that 
co-dimension of S in H'^ is 1. 

(1) If6r > 1, then \fi^^\ < 00. 

(2) If 8y < 1, then |^^^| = 00 if and only if there exists ^ G Ap{T)r\d{S) 
(of rank one) such that P^ n P^ is trivial. 



EQUIDISTRIBUTION AND COUNTING 



29 



Proof. We will understand Borel measure on {u G S : t:{v) E P} 

for a fixed Dirichlet fundamental domain P of in S. Note that if O is a 
neighborhood of A(r)na(P) in d{W), then {v £ E : ■k{v) eV, v+ e A-O} 
is relatively compact in E. For neighborhood U of ^ in set 

(5.1) Vu = {v G E : Tr{v) GV, v+ £U nA{T)}. 

By the compactness of A(r) n d{V), to prove finiteness of fi^^, it suffices to 
show that for every ^ G ^(X) H d(T>), there exists a neighborhood C/ of ^ in 
5(H") such that 

(5.2) t^^i-Du) < oo. 

If G Ahp{T) n 5(P) is F-internal, we have Du = for sufficiently small 
neighborhood C/ of by Proposition 4.10[ 2), and (5.2) holds trivially. 



4.3 



Now we assume that ^ G A;,p(r) n 8(7?) is not T-internal. By Lemma 
the co-rank of n in F^ is one. We consider the upper half space model 
for H" with ^ = cxd as in Section [4j Setting L to be a F-Biberbach space 
of c«, Lo ■= L n d{S) / is a F_^-Biberbach space for oo which has co- 
dimension one in L. Without loss of generality we may assume Lq contains 
the origin; note that dimLo may possibly be 0. 

Let 70 G Foo be such that 70 and F^ n Fqo generate a subgroup of Fqo of 
finite index. We can write 70 = n^cj where u^, G Goo acts as the translation 
hy w G M""-'^ — d{S) and cr is a rotation on L-^ fixing L pointwise. Note that 
L = Lq + and 7qU = v + kw for all u G L and A; G Z. 

Since 00 G Abp(F), there exists a ball B about in L-*- such that A(F) — 
{00} C B X L. Since L = Lq + and F^ n Fqo acts on Lq cocompactly as 
translations, there is a bounded open subset Fi in Lq such that 

{v^ G A(F) -.vGE, T,{v) £V}cBx (Fi+Rw) = VJk&{B x (Fi +7o^F2)), 

where F2 = [0, We have 

^ G S X (Fi + 7^F2) lie - kw\\ < diam(B x (Fi + F2)). 

Since w is transversal to d{S) — {00}, there exists N large enough such that 
U|fc|>^(-B X (Fi -|- 7o(-^2))) is bounded away from d{S) — {00}. Therefore 
there exists a neighborhood U of 00 in 5(]HI") such that 

Vu = {v+ G A(F) nU:veE, 7t{v) e V} C B x {Fi + {U\k\>NloF2))). 

Fix a base point G H" on the geodesic joining and 00. Let v : 
M."'~^ — d{S) — )• F be the inverse of the visual map restricted to F. Then 

(5.3) fifiVu) < V / e^/3e(o,^(v(0) df,,{0. 



\k\>N 
..kt 



Since U|;j|>jv(F x (Fi + 7o(-^2))) is away from a neighborhood of d{S), the 
map vrov is uniformly continuous on U\k\>]\fB x (Fi+7q (F2)), with respect to 
the Euclidean metric on M"^^ and the hyperbolic metric on H". Hence there 
exists do independent of all |A:| > such that d{'K{'v {$,)), it {v{kw))) < do for 
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e G 5x(Fi+7^(F2)). Set w := 7r{v{w)) G S. Since S is a vertical hyperplane 
containing 0, 7r(v(A;ti;)) = \k\w. Write w = w'l + wi with w'l G d{S) — {00} 
and wi is in the orthogonal complement of d{S) — {00}. Note that wi 7^ 0. 
Let wi = tt(v(wi)). Since Z^w and 7j~^wi are on two rays in M" emanating 
from G d{M"') — {00}, there exists di > independent of k such that 
(i(|/c|?Z;, < di. By the uniform continuity of the Busemann function 

j3^{x,y) in ^ G dW^ for fixed x,y G H", and since |/3^(j;,y)| < d{x,y), there 
exists Co > independent of |/c| > such that 

(5.4) 

|/3^(o,7r(v(^))) - (3kwi{o, kwi)\ < cq + |/3fe«,(o, 7r(v(,f )) - l3kwi{o, kwi)\ 

(5.5) = Co + |/3fc«,(vr(v(^), fcit;i)| < co + do + di, 

for all e G S X (^1+7^(^2)). 

On the other hand, the 2 dimensional plane in M" containing 0, wi and 
iDi is a vertical plane containing o and and hence a copy of which is 
orthogonal to S intersecting in the geodesic joining and 00. Identifying 
this plane with = {x + yi : y > 0}, we may write o = i, wi = xq and 
wi = xqi. Using a standard hyperbolic distance formula, we compute that 
gA^i (o,fci«i) ^ -^iigj-g tiie implied constant is independent of \k\ > N (here 
X means that the ratio of the two functions in ^ is bounded both from below 
and above). 

Therefore by (5.4) for any > and for any ^ G x {Fi + 70(^2)), 

(5.6) e^«(°'^(^(«))) X 

On the other hand, using that e*(°''^o(°)) x k"^ for ah \k\ > 1, 

(5.7) fio{B X (Fi + 7o'F2)) ^ /^o(7o x {F, + F2))) 

e^..v,uv^..-)^^(5 X (F1 + F2)) 



5eBx(Fi+F2) 
„5/3o (o),o) 

1 



fio{B X (Fi + F2)) 



where the implied constant is independent of > 1. 



Therefore by (5.6) and (5.7), we obtain 



>iV^CeBx(^i+7o'^2) 




■fio{Bx{Fi + F2)). 



Hence if 5 > 1, E|fc|>Ar 1^1 
Now suppose 5 < 1. By Lemma 



< 00 and this proves (1). 

any ^ G Abp(r) n d{S) is of rank 



5.1 



one. Hence if H is non-trivial for every such ^, and hence ^ is internal, 
Theorem 4.11 implies is compactly supported and hence finite. Now 
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suppose there exists ^ G Abp(r) n d{S) such that n Tg is trivial. By 



Proposition 4.4, it fohows that ^ A(r_^). Since acts on 5 U {d{S) — 
A{Tg)) properly discontinuously, there exists a neighborhood of ^ in 
SL){d{S) — A(r^)) such that WCiS is contained in a single Dirichlet domain 

V of r^. 

As before we may assume .^ = 00. Then L = Mw and Fi is trivial. Let 
N > 1, U and B be as before. Then setting := {v+ G A(r) n U : 

V G E,Tx{v) G P}, Q. <Z B X (U|fc|>jv7QF2). By replacing [/ by a smaller 
neighborhood of 00 if necessary, we may assume 7r(v(C/)) C W r\ S. Since 

n 5 C P, it follows that 

n = {v+ GA(r)nc/:f G^}. 

Take any small neighborhood O of fi in d{W^) — {00} so that 7r(v(0 — 
d{S))) C Vl^. Since O U {00} is a neighborhood of 00, and hence contains 
the exterior of a large ball in M"^-*^ = 5(11") — {00}, we have 

B X (U|fc|>;vo7oi^2) C O 
for some large Nq > N. Therefore the above computation shows that 

\k\>No 

Note that B x j^i^Jq F2) U {00} is a neighborhood of 00 G A(r) and 

that Uo is atom-free. Hence Uo{Bx (U|fc|>jVo 70-^2)) > 0. Since Uo{BxjqF2) >i 
-j^VoiB X F2), we have UoiB x F2) > 0. 

Therefore ii d < 1 and hence ^|fc|>jVo 1^1^"^ = it follows that fJ^^{0) = 
00 for any sufficiently small neighborhood O of fi. Hence //^^(fi) = 00 
proving (2). □ 

Corollary 5.3. If\fj^^^\ < 00 then < 00. 

Proof. If (5r > 1 then the conclusion follows f rom T heorem |5.2[ If every 



^ G dS n Abp(r) is internal, then by Theorem 4.11 supp(//^ ) is compact 
and the conclusion follows. 

Now suppose that 5r < I and there exists ^ G d{S) n Ap(r) not fixed 
by any non-trivial element of F^. Then the second part of the proof of 



Theorem 5.2 shows that a Dirichlet domain contains a neighborhood of in 
S, and hence =00. □ 



The proof of Theorem 5.2 can be adapted in a straightforward manner to 



obtain the following general result. 

Theorem 5.4. Let T be geometrically finite and suppose that the codimen- 
sion of S in H" is k. If 6r > k then \fJ.^\ < 00. □ 

Proposition 5.5. If[T : F^] = 00, then K{T) <f_ doo{S) and hence > 0. 
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Proof. Suppose on the contrary that A(r) C doo{S). Let L be the smahest 
complete totally geodesic subspace of H" containing the convex core of A(r). 
It follows that r(L) C L. Also by our assumption A(r) C d{S), we have 
L C S. Since L C S" is closed and Tg{L) = L, it follows that the natural 
inclusion map r_^\L — )• Tg\S is proper. Since the projection T^\S — )■ r\IH[" 
is proper, we have that the composition map I : T^\L — )• r\H["' is proper. 
Fix any xq G L. Then r(xo) C L. By the properness of the map I, r_^\r(xo) 
is a finite subset of r^\L. On the other hand, Txg = {e} since T is torsion- 
free. Therefore r5\r is finite, yielding a contradiction. □ 

6. Orbital counting for discrete hyperbolic groups 

6.1. Hyperboloid model of H". We refer to j34j for basic facts on hyper- 
bolic geometry. For the quadratic form 

Qo{^) = 2;^ -|- • • • -|- — xfi_^_i, 

the hyperboloid model of H" is given by 

m" = {{xi,--- ,xn+i) : Qo{x) = -l,Xn+l > 0} 

where the metric is induced from the Minkowski metric ds'^ = cixf + • • • + 
(ix^ — dx'^j^i, and the distance d{x,y) between x = (xi,-- - ,x„+i) and 

y = ivi,--- ,yn+i) is given by cosh (i(x,y) = -(xiyiH hx„y„)-Fx„+iy„+i. 

Set G to be the identity component of SOqp(M), a := e'^_^_l = (0, • • • , 0, 1)*, 
SO(n) = {g e SL„(M) : g'g = /„} and K := {[%] G SL„+i(M) : g G 
SO(n)}. Since G acts transitively on H" and the stabilizer of o in G is equal 
to K, we have IT = G.o ^ G/K. The group G acts on G/K = H" as isome- 
trics, via the left translations: L{gQ){gK) = {gQg)K. This induces an action 
of G on the unit tangent bundle T"'^(E[") given by g{p,v) = {g.p,dL{g)p{v)) 
for {p,v) G T"'^(E["'); here v G Tp{G/K) is a unit vector based at p and 
dL{g)p : Tp(]H") Tg^p){W) is the differential of L{g) at p. For the follow- 
ing discussion, we refer to [3, II. 4]. Set q = Lie(G) and t = Lie(i^). Consider 
the Cartan involution 6{g) := (5*)^^ of G and the corresponding positive 
definite symmetric bilinear form on g: Bg{X,Y) = Tr(ad(X) o ad{9{Y))). 
We have t = {X G Q : 0{X) = X}, and the following orthogonal decomposi- 
tion of g: g = p © t where p is the —1 eigenspace of 6. The map p x K ^ G 
given by {X,k) 1— t- {expX)k is a diffeomorphism. For the canonical projec- 
tion vr : G — )• G/K, the kernel of dn is t and hence dvr : p — To(G/i^) is 
a X-equivariant linear isomorphism where the action of ii' on p is via the 
adjoint representation. 
Set 

r cosh r sinh r , ^ ^ , 

ar=[ J , := {ur :r> 0}, A ■= {ur : r < 0}, 

sinh r cosh r 

A:= A+UA- and M = {[^ g ^] e K : g e SO{n - 1)}. 

The Lie algebra a of A is a maximal abelian subalgebra of p, M is equal to 
the centralizer of a in K, and we have the Cartan decomposition G = KA^K 
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in the sense that kiak2 = k[a'k2 £ KA^K imphes that a = a' and k\ = k'^m 
and k2 = m~^k'2 for some m G M. Let 

r~^2 0-, 

(6.1) u}Q = \ o \ e K. 

1 

Note that ujqMuJq^ = M and cooarOOQ^ = a^r for all r G M. Letting 
Xq G log{A~^) be the element of norm 1 the map g i— t- qXq induces the 
G-equivariant homeomorphism T^{G/K) = G.Xq = G/M. Via the identi- 
fication T^{G/K) = G/M, the geodesic flow {g^} on T^{G/K) correspond 
to the right translations by a^: g^{gM) = garM. 

Notation 6.1. We denote by < G the expanding horospherical subgroup 
with respect to the right a^-action, that is, 

N := {g E G : arga~^ — )• e as r — )• oo}. 

The A'"-leaves gNM/M correspond to expanding horospheres in T^{G/K) = 
G/M. In particular, N.Xq is the expanding horosphere passing through o 
based at the point X^ = ujo[M] in the boundary K/M = 9(11"). 

6.2. Some computation with m^^. Let F be a torsion-free non-elementary 
discrete subgroup of G. We use the same notation as in the section [3j 

Via the visual map M — )• n"*", K/M is homeomor- 

phic to the boundary diW^). Hence the ET-invariant measure ruo and the 
Patterson-Sullivan measure Vq on d{W^) can be considered as measures on 
K/M: dvo{k) = duo{kXQ) and dmo{k) = dmo{kX^). In the Iwasawa coor- 
dinates G = KAN, the map T^(E[") 9(11"), u is given by 

j -.G/M = T^(H") ^ K/M 

with j\karri\ = kX^ = [kuo]. Moreover for u = [karu] G T"^(]H"), 

(o, tt{u)) = /3^^- (o, karuo) = f3^- (o, a^no) 

= hm d{o,a-to) — d{ar-no,a-to) 

t—^oo 

= hm t — d[at+rna-t-r{o-t+ro), o) 

t—^oo 

= hm t — d{at+rO, o) = — r, 

as Xq = limi^oo 7r([M]a_t) = limt^oo a_t(o). 
Therefore for cp G Gc{G/M), we have 

(6.2) m^^{(t>) = I I (l){karn)e'^'' dndrdvoikX^). 

Definition 6.2. For a function / on K, we define a function on G by 

(6.3) %(a^nA;) = e-^^^'fik) 

for a^n/c G j4A^i^ = G. As the product map AxNxK^G is a diffeomor- 
phism, this is well-defined. 
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In the following proposition, for an e-neighborhood Ue of e in G, let S 
C{G) be a non-negative function with support in Ue and have jQtpe{g)dg = 
1. 

Proposition 6.3. Let f E C{M\K) and Q C K a Borel subset with MQ = 
n and Uo{d{n-^)) = 0. Then 

lim m^i^(/ *n A) = [ f{k-')duo{kX^) 

where f *n tp^ig) ■= fk^n '4'e{gk)f{k)dk. 

Proof. We note that dg = drdndk, g = arfik, is a Haar measure on G. 

Note that for some uniform constants £i,£2 > 0, we have for all A; G i^T 
and for all small e > (see Lemma 6.13), 

ku, c Ui.ek c{An Ui,e){N n u^,e)k{K n u^,,). 

Set Ke := (i^TlC/^je), = and 17^- = nfeeA'^^^^- Then there exists 
a uniform constant c > such that for aW k ^ K and g £ U^, 

(1 - c • 6) < (fc-i^) < (1 + c • 6) (fc-i). 

On the other hand, by the assumption that Vo{d{^^^)) = 0, for any rj > 0, 
there exists e > such that 

Therefore 

rh''''if*ni^e)= [ [ M9ko)fiko)diko)dm''''ig) 
J g&G Jko^Q 

/ ipe{karnkQ) f {kQ)e^^^' d{kQ)dndrdi'o{kuJo) 
KAN Jkoen 

/ 'il;e{karnko)f{ko)xn{ko)e^^'' drdndkdvo{kujQ ) 

keK JANK 



A{kg)^f-xn {g)dgduo{kujo) 
keK Jg&G 

A{9)^f-xnik~'^9)dgduo{kuJo) 
k€K Jg€G 

Ai9){l + 0{e))^f.x,,^ {k-')dgduoikuo) 

keKJgeG 



= (1 + 0(6)) [ ^f.x,,Jk-')duo{k< 

Jk&K 

as Jijtpedg = 1. Since 



+ ik-^)di^oiku;o) = (1 + 0(7?)) / fik-')diyoikuo), 
k£K Jken-^ 

this proves the claim. □ 
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6.3. Counting in sectors. Let wq G W^~^^ be one of 

ei = (1,0,--- ,0), e„+i = (O,-- - ,0,1), ei + e„+i = (1,0,-- - ,0,1). 

Observe that Qo(ei) = 1, <3o(en+i) = -1, <3o(ei + e„+i) = 0, and 
that 

Ge, = {(^ ^y.g diag(/„_i, -l)g' = diag(/„_i, -1)} =: H 

Ge„+, = K and Ge,+e„+, = NM 

where G acts on M"'^^ by the multiphcation from the right. 

The generahzed Cartan decomposition and the Iwasawa decomposition of 
G give 

(6.4) G = HAK = KA+K = NMAK 

where the A^ and the A components oi g E G are uniquely determined and 
the right if-component is uniquely determined up to the left multiplications 
by elements of M. 

Lemma 6.4. (1) The orbit H.o = H/H f] K is a totally geodesic sub- 
space o/H" = G/K, and H.Xq = H/M describes the set of vectors 
in T''^(EI") = G/M which are based at H.o, orthogonal to H.o and 
have the same orientation as Xq. 

(2) The orbit K.Xq = K/M represents the set TI{W) of unit tangent 
vectors at o. 

(3) The orbit {NM)Xq = NM/M represents the expanding horosphere 

in T^(H") passing through o and based at X^ G K/M = 9(H"). 

Proof. As the intersection HCiK is equal to M which is a maximal compact 
subgroup of H, the orbit H.o is a totally geodesic subspace of H'^ = G/K. 
The subgroup H is the fixed points of the involution a : G ^ G given by 



Wc can check that a commutes with the Cartan involution 9. With f) := 
Lie(if), we have the following orthogonal decomposition with respect to Bg: 
= f) © q into ±1 eigenspaces of a. The tangent space To(H.o) is identified 
with {)np and, since o C qflp and f) is orthogonal to a, the vector Xq G a, as a 
unit tangent vector at o, is orthogonal to the tangent space To{H.o). Hence 
the orbit H.Xq = H/M describes the set of vectors in T^(G/K) = G/M 
which are based at H.o and orthogonal to H.o. (2) and (3) have already 
been observed. □ 

If a denotes the simple root for the ad(a)-action on g, then a(logat) = t 
and has multiplicity (n — 1). The weight space decomposition of M""*"-^ for 
the right action of G via the standard representation of G to SL„+i is given 

by 
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where Wa = M(ei + e„+i), Wq = Y^2<i<n^^i and W-a = 
We denote by v'^ the projection of v onto Wa- In view of (6.4), we define a 
sector Bt{^) in wqG in the following way: 



Definition 6.5. For a fixed norm 
with MQ = il, we set 



on 1^"+-"^ and a Borel subset ^ C K 



{w e eiAQ : \\w\\ < T} 

{w G e„+iA+il : ||w|| < T} 

{w G (ei + e„+i)Ar2 : ||tt;|| < T} 



accordingly. 

We define the following subsets of {!¥' 



G/M: 



H.Xo U H.{-Xo) for wq = ei 
£' := < K.Xo for ?i;o = e„+i 

^(7VM).Xo for i(;o = ei + e„+i 

and E = p{E). We then have fi^, fJ^^^, fi^^ and accordingly as in 
Definition 3.5 In the case of wq = ei, we further set E± = H.{±Xq), 
E± = p{E±), and //^^ and fjJ^^ to be the restrictions of //^^ and to 
E± respectively. For wq = Cn+i or ei + Cn+i, we will sometimes denote by 
Ej^ and Ej^ for and E respectively, to make notations uniform. 

Theorem 6.6. Suppose that \m^^^\ < oo. Let wq = ei,e„+i or ei + e„_|_i. 
We assume that wqT is discrete, and that < oo. Let Q, <Z K he a Borel 
subset such that Mil = VL and z/o(9($7~^)) = 0. Then 

#{woTnBT{n))^c{wo,n)-T^^, 

where < c{wq,Q) < oo is defined as follows: set e := '^i+^^+i and e := 



c{ei,^}) 



\l^E 



PS 



and 



6r ■ \m 



BMSI 



c(e„+i,n) 



c(ei + Cn+l,^) 



\ek 



+ 



dUo{k{X^)) 



6r ■ |mBMS| 



\ek-^\\-^duo{kiXQ)y, 



\l^E 



PS I 



6r ■ |mBMS| 

\i^W\ 

BMSI 



\ek 



k&n- 



6r ■ Irn 



\2ek- 



ken- 



dvo{k{X^)) 



'duoikiX^)). 
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6.4. Deduction of Theorem 11.41 from Theorem 16. 6L In fact we will 
prove the following stronger statement: 



Theorem 6.7. Let Q ^ wq e 



pn+l 



that |mP^^| 



< oo and \lJ^\ < oo. Then for any norm 



be such that wqT is discrete. Suppose 



on 



pn+l 



#{v £ wqT : \\v\\ < T} 



b{wo) 



6r ■ \m^^^\ 

where < 6(^0) = b{wo, || • ||) < 00 is described in the following paragraph. 

6.4.1. Description of b{wo). By the standard facts about the hyperboloid 
model of H" (cf. [11, Sec2]), the Ew^ defined in the introduction is equal to 
E. Given ^ wq £ M"~^, fix o G ir^Ewo)- Consider any two dimensional 
linear subspace containing o and wq. It intersects {Q{v) = 0} in two distinct 
lines, say [^~] and [^~''], such that wq [^~] (in the case of Q{wq) = 0). 
Let wq and wq denote the orthogonal projection of wq on [^"'"] and on [^~] 
respectively with respect to the bilinear form Q. Note that if Q{wq) > then 
the pair [^^] is uniquely determined up to a permutation; if Q{wo) < then 
a = Wq/ -sj Q{wo) and the pair [^^] is not uniquely determined. If Q{wq) = 
then Wq = Wq and the pair is uniquely determined. For Q{wo) > we have 
E^iQ = -E+ U where the vectors in E± have the same orientation and 
their visual image on the boundary is in the same hemisphere containing 
[^^] C dlF". We put skr(tt;o)^ = \lJ'W±\- K'^o) as follows: if 

Q{wo) > 0, 



b{wo) = skr(wo) 



k£Go 



skr('wo) 



\wok\\-^^ diyo{[r]k); 



and if Q{wo) < 0, 

b{wo) = skr('wo) • / 

Jk 



wok\\-^^ di^o{[r]k). 



keGo 



Now using the Witt theorem we can deduce Theorem |6.7| from Theorem 



6.6 for the case ^ = K. Theorem 1.6 follows from Theorems 4.14, 4.11, and 



Proposition 5.5 



6.5. Proof of Theorem 6.6| , This subsection is entirely devoted to the 
proof of Theorem 6.6 We begin by observing the following: 



Lemma 6.8. IfwoT is discrete, then the canonical projection map r^„(,\£'+ — 
T^(r\]H") is proper and injective with image 

Proof. Since wqT is discrete in wqG = Gwo\G, r\rG^p is closed in r\G by 
ice 
G 



[33], and hence the claim on the properness follows from Lemma 6.9 below. 
Since G„ 



the injectivity follows from Lemma 



2.3 



□ 



The following lemma is a consequence of the Baire category theorem: 
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Lemma 6.9. Let H < G be locally compact second countable topological 
groups and T < G a closed subgroup. The canonical projection map H Ci 
r\H — >■ T\G is proper if and only if FH is closed in G. 

Note that E = Gw^/M and recall the measure 

diJi^'^iv) = e^''-^^Pv+^"^<^))dmo{v+). 

WithoTit loss of generality, we normalize the conformal density {rUx} so that 
rUo is the probability measure. We denote by dh and dk the Haar measures 
on H and K given by d^^^dm where dm denotes the probability Haar 

measure on M. On A^, the measure dfi^^ for E = NM/M gives the Haar 

measure dn. For the case E = K/M, since 7r(f ) = o for all v E E, we have 
dij^^{v) = druoiv) and hence dk is the Haar probability measure on K. Via 
the decompositions G = HAK, KA'^K, NAK, we consider the following 
Haar measure dg on G respectively: 

2"~^ (sinhQ;(logar) • cosh a(\og ar))^"'~^^ dhdrdk for g = hark 
2^~^ (sinhQ;(logar) • cosha{\ogar))^^~^^^'^ dkidrdk2 for g = kiark2 
gi'^-^y dndrdk for g = nark 

where dr is the Lebesgue measure on M. 

Define the following counting function on r\G: 

FBT{n){g) ■■= Yl XBT{n)iwoig)- 

We note -fBT(n)(e) = H^wqF fl Bt{^)- For simplicity, for wq = ei,e„+i, we 
set 

B{ar) = 2"-^ (sinh(a(loga^)) • cosh(a(loga^)))(''-^)/2 , 
in which case S(ar) ~ e'^""^)!''! as r ^ ±00, and for wq = ei + e„+i, we set 

3{ar) = e^''-^>. 
For e Cc(r\G), we set (V'1,^2) := /r\Q V'i(5)V'2(5) dg. 

Lemma 6.10. For any tp G Cc(r\G), we have 

{Fbt{Q),'^) = I / S(ar) / ^k{var)dfi^'°{v)drdk 

J keii J \\woark\\<T JveE+ 

where ipk € Cc(r\G)^ is given by ipkig) = JmeM'^id'mk). 
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Proof. Writing dx for the Haar measures dh,dk, dn on Gwq accordingly, we 
deduce 



I ip{xark) E{ar)dxdrdk 



ken J\\ 

il}{vmark) 'E{ar)dfi^^ {v)dmdrdk 



kefl J \\woark\\<T JverjnQ\E+ JmeM 

il){varmk) dm ) 'B{ar)dfj^^ {v)drdk 



ken J\\woark\\<T JveE+ \JmeM 

r I 



(a^) / ^k{var)d^^{v)drdk. 



□ 



Definition 6.11. Let / E C{M\K) and ^ G Cc{T\G). Yoi Q. d K with 
M9. = n, define the fohowing function in Cc{T\G)^'': 



f*n^{9) := / ^{gk)f{k)dk. 
Jken 



In the fohowing proposition, we define, for v = w^", a function ^„ S 
C{M\K) by 

Uk) := ll^^ir^^. 



Proposition 6.12. Keep the same assumption as in Theorem 6.6. Let 
ip £ Cc(r\G). As T ^ oo, we have the following: 

• For Wo = ei, 



• For Wo = e„+i or e\ + e„+i, 

BR, 



|/xPS|.r^r 



^^.|^BMS| "^ ■(e«,o"*nV'). 

Proof. We first consider the case when = ei. 

Recahing the definition of from (6.1), we set -0+ = V' and V'- = V'wo- 
We claim as r — )• oo, 

I PS I 

(6.5) e("-i-^)^ / i;{var)d^'g\v) ~ ^^^^^^(V;^). 

For the claim follows from Theorem 



3.10 



6.4 



Since E- 



and Lemma 

//.(— Xq), note that for each r E M, E^a-r = E-OrCOQ^ . As ip is M-invariant 
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and ojqM = Mujq, as r — )• oo, 



l^^-i BR 



m (V'ojo) proving (6.5) for E^. 



I^BMSl ^^"^0 



Fixing e > and k £ K, hy (6.5), there exists tq > such that for any 
r > ro, 

/ Mvar)df.'i^{v) = (1 + 0(6)) '^^" BMS • 

We may also assume that for |r| > tq. 

(6.6) H(a,) = (l + 0(e))e("-i)l^l. 

On the other hand, ei = ef + e^" where ef = ^^i+^^+i and e|f° = , 
Since eio^/c = e^efk + e~''e||~"fc and 

./e''||ef fc||<T-0{e-''0),r>ro ./||eiarfc||<T,r>ro Je'-yef fc||<T+0(e-''0),r>ro 

we have 

Similarly, we can deduce 

-.5 



f e-^'dr = „^ + 0(e''«). 

J ar:\\eiark\\<T,r<-ro ^ ' \Wi k\\^ 



Hence 

||ti;oarfc||<T,|r|>ro 



Je+ 



lluioarfclKT.Ir^ro V J E+ 

_ + 

I^BMSj 

y ^||iooarA;||<T,r>ro || ixioarA:|l <T,r<— ro 

_ (l + 0(e))r^ 1 ^^^(V^fc) |/i|^J mBR(V;^pfc) \ 

Since ^+ C Ti(r\]H") is a closed subset, G C7c(Ti(r\]H")) and K is 
compact, it follows that for fixed ro > 1, we have 

sup \'>pk{var)\ = 0(1). 

k&K,v&E+,\r\<ro 
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Hence 

/ E{ar) [ Mvar)d^i'i''{v)dr = 0{e'^^-'>^). 

J\\woark\\<T,\r\<ro J E+ 

Therefore 



L 



H(ar) / 'ilJk{var)diiE^ {s)dr 

WQark\\<T J Ej^ 

(n-l)rox {l + 0{e))T^ ( l/^gl •mBR(^fe) |/iPS| .^BR(^^^^) \ 

As T — )■ oo, we have 



L 



{a-r) / ipk{var)dfJg+iv)dr 

woark\\<T J E+ 



J|^BMS| I ||eafc||5 

As e > is arbitrary, it follows that as T — )■ oo, 



H(ar) / iik{var)diJ^^{v)dr 
Je+ 



woark\\ <T 



m 



+ 



(5|mBMS| I \\efk\\^ \\ei"k\\^ I ' 

As K is compact, we can integrate this over k £ il. and, since e^"(^o 



-e^ we deduce that (6.10) is asymptotic to 
'-pS 



5. I^BMSI 



as T — 7- 00. This proves the proposition for wq = ei. 

For Wq = e„+i, the integral over the set {or : Hiooar-A;!! < T} in (6.10) 
occurs only for r > due to the decomposition G = Ge^^-^^A^ K . In view of 
this, the same argument as above yields the claim in the proposition. 

Now consider the case of wq = ei + e„+i. Then ||woarfc|| = e^ll'U^o^ll- One 
can show similarly as before that the integral over {0^ : ||t(;oOr^|| < in 



(6.10) is dominated by the integral over {a^ : 1 ^ e*" < n^^^y } in (6.10). The 



rest of the proof is similar to the case of wq = ei, and hence we omit. □ 

Lemma 6.13 (Strong wavefront lemma). [14', Thm 4.1] There exists I > 1 
and eo > such that for any e-neighborhood of G with e < eo and for any 
g = hak G HAK with \\a\\ > 2, 

gU, C h{H n Ui,)a{A n Ut,)k{K n U^,). 

Similar statements hold for KA^K and N AK -decompositions. 
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Proof of Theorem 6.6: By the assumption that iyo{d{Q^^)) = 0, for all 
sufficiently small e > 0, there exists an e-neighborhood K^^ of e in i^T such 
that for = and $7^- = Dk^K^^k, 

(6.7) lim Uoin-} - n-}) = 0. 



By Lemma 6.13, with £q := i ^ < 1 as therein, we have for all T ^ 1, 

BrinWe,, C and C n„6t/,^^5T(J^)u. 

Clearly, we can assume that UeK injects to r\G. Let ip^ £ CciG) be a non- 
negative function supported on f/^g^ and / tpedg = 1, and let G Cc(T\G) 
the L-average of ipe- 

We then have for all g E Ui^e 

Therefore, by integrating against ^'e, we have 



By Proposition 6.3, for any rj > 0, there exists e > such that 



Letting = ei, Proposition |6 . 1 2| now implies that 
lim^supT-^r . iFB^^^^^.^n.^^,^.) = ^j^j^ 

l^l+l / \\efk-^\\-^diyo{kuJo) + \f/Jl\ [ \\e^''k'^\\-^di^o{koJo) 



kGoJoQ^^ 

(l±e)Tl 



liminfT-^r.(Fo (^^^),^. 



7 ^ e/ • 



Using (6.7), it is now easy to deduce that FBj.(n){^) ~ co(ei, fi) • T^. This 
finishes the proof for wq = ei. For the other cases of wq = e^+i, ei + e„+i, 
the proof is similar. 

6.6. Counting in cones. Consider the Euclidean norm on M"^^. Let $7 be 
a Borel subset of the unit sphere 5" = {xf + • • • + x'^_^_^ = 1} and C = C{Cl) 
be the cone spanned by Cl, that is, C = M.>qCI. Let wq = ei, e^+i or ei + e^+i. 
Let 

Uoo = hm = (ei + e„+i)/2. 

Let e = {6* G SO(n + 1) : Voo^ G i7} and 17 = G n ET. 
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Theorem 6.14. Suppose that |mp^^| < oo and < oo. Assume 

z/o(9(fi-i) U d{n-^ujo)) = 0. Then 

r #{vewoTnC{n) : \\v\\ < T} 

lim — T = c(wo,U). 

where c{wo, Q) >0 is defined as follows: 



V2' 



^/2 l;yPS| 
,PS| 



c(ei + e„+i, 17) = . '^^ ' i^oin-\X^)). 

Sketch of the proof The proof of this result is almost same as the proof of 
Theorem |6 .61 The only difference is the following additional argument. Let 
vt = G 5"+^ Let nt = {k e K : vtk £ n}. Let 9t G SO(n + 1) such 

that Vt = wo9t- Then = MO^^VL D K = O^^Q D K. Since vt ^ Voo, we 
choose 9t so that 0i — )• e as t — )• oo. Let denote an e- neighborhood of e in 
K. Then for sufficiently small e > 0, for all large t > 0, we have Ot^QK^ C 
QK2e and rifeg^-j^GA; C d'[ QK^^. Hence r\k<^K2M^ f^t-K^e C ^K2e. Since 
z^o(9f7^"'^) = 0, we have that Uo{{^K2e — ^^k(^K2M^Y^) — ^ as e — > 0. This 
well roundedness property of allows one to do the counting in the above 



case, and the final result correspond to the case of Theorem 6.6 with Q as 



above. □ 
7. Hyperbolic and Spherical Apollonian circle packings 



We follow the notations set up in the introduction 1.5 Let V be an 
integral Euclidean, hyperbolic or spherical Apollonian circle packing where 
all the circles CinV are labeled according to the corresponding curvatures 
curvjf(C) where * stands for E{clidean), H (yperbolic) and S{pherical). Fix 
a period Vq of V so that 

A^^(r) := #{C G Vo : Curv^(C) < T} < oo 



for any T > 1. We will deduce the following from Theorem 1.4 

(7.1) A^^(r)~c-r° 

for some c = ("P,*), where a is the residual dimension of V. 
Consider the Descartes quadratic form: 

Q{xi,X2,X3, X4) = 2{x'l + xl + xl+ x\) - (xi +X2+ XZ + xa)'^. 

The quadruple of curvatures Curv^(Ci), Curv^(C2), Curv^(C3), Curv^(C4) 
of 4 mutually tangent circles in V satisfies the equation 

(5(xi,X2,X3,X4) = q{-k) 
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where q{E) = 0, q{H) = 4 and q{S) = —4. This is the Descartes circle 
theorem for -k = E, the spherical Soddy-Gossett theorem, and the hyperbolic 
Soddy-Gossett theorem for * = S,H respectively (see [2D|). 

The Apollonian group A < GL4(Z) is generated by the following four 
reflections 5i , ^2 , 5*3 , ^4 respectively: 



/-I 





2 
1 





2\ 




1/ 



/I 

2 






-1 
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1/ 



/I 


2 






-1 





o\ 


2 

1/ 



A 













1 














1 





V2 


2 


2 


-1/ 



The Apollonian group ^ is a subgroup of Oq(Z) of infinite index and its 
critical exponent is equal to a. 

The group A acts transitively on the set D = 'D{-k) of all Descartes quadru- 
ples (o, b, c, d) associated to V, that is, the quadruples of curvatures of all 4 
mutually tangent circles of V. Hence D = ^o(*)-^* for Co(*) £ ^(*)- 

We can deduce in the same manner as in [19] using the results in [TOJ that 

Ar*(r) = #{v e ^oW^* : Ibllmax < T}, 

up to a fixed additive constant. Set G to be the identity component of 
SOq(M). The subgroup ^* H G is of finite index in A* and hence is a non- 
elementary geometrically finite group with 5^tnG being precisely equal to 
a, and the orbit ^o(*)(-4* n G) C Z'^ is discrete in M^. Hence fl7\\ follows 



from Theorem 1.6, using (5^tnG > 1- It is also possible prove that ^o(*) is 
not A^ n G-external, which will then provide a proof of ( 7.1 ) independent of 



the fact (J^tnG > 1- In the two figures Fig. [2] and Fig. [3| this claim can be 
directly seen from the configurations. As the general case requires a quite 
involved argument using several theorems of we'll omit it. 
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